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********

For a compact connected semi-simple Lie group G, the structure of perturbative gauge and

mixed gauge-gravitational anomalies in the theory has been well understood for a long time (there

is no pure gravitational anomalies in four dimensions). [? ]

*********

In general, G could acts on  in a chiral way and might be an anomalous symmetry in several

respects. As a global symmetry, G might be spoiled in the level of quantum partition function while

it is preserved classically. One can also partially gauge G by coupling the theory to background

gauge fields of an gaugeable (or anomaly-free) subgroup H (if exits) of G. Then the rest ungauged

part of G, as a global symmetry, might break down in the presence of those background gauge

fields (and metric, if the theory is formulated on a curved spacetime manifold).

************

The pathology of defining the quantum theory on arbitrary curved spacetime manifolds involves

two kinds of anomalies, the perturbative and global (or nonperturbative) ones. The structure of

the perturbative anomalies that correspond to infinitesimal di↵eomorphism or/and gauge non-

invariance can be studied by the associated anomaly polynomials in six dimensions. [? ] The

global anomalies, on the other hand, in general depend on the topologies of the manifold, with

possible spin and symmetry structures, on which the theory is formulated and are typically more

di�cult (comparing with the perturbative ones) to analyze. A traditional definition of global

anomalies is given by the non-invariance of the partition functions under large di↵eomorphisms

(or ones combined with gauge transformations if continuous gauge fields are present). It can be

evaluated by the eta-invariants of the Dirac operator on any twisted spinor bundles (by vector

bundles of the representations of G) over the mapping torus M ⇥ S
1. [? ? ] Recently, a more

refined definition of global anomalies was given in Ref. ? , and from that definition, one can relate

such anomalies to the corresponding fermionic topological phases in one dimension higher, through

the use of Dai-Freed theorem. [? ] In this paper, we study anomalies in theories of fermions with

discrete symmetries in this formalism, following the results in Ref. ? ? ? .
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mention two caveats. First, there are discrete
symmetries —those associated with global anomalies—
that cannot be consistently gauged. Identification of
such anomalies is a di%cult but well developed art, '" into
which we shall not enter here. Second, it is not quite
true that the identifications we envisage in field space are
locally trivial —the discrete transformations, in most in-
teresting cases, have fixed points, leading to conical
singularities. It is conceivable that these singularities
lead to subtle problems that have not yet been discerned.
The situation here is reminiscent of orbifold construc-
tions in string theory, ' which, in fact, our discrete local
symmetries greatly resemble.
Indeed, it seems probable that many or all discrete

symmetries that arise in eA'ective theories derived from
underlying string theories will be local, since such sym-
metries typically are just those few elements of the huge
gauge symmetry groups [E(8)SE(8) and ten-dimen-
sional general covariance] in the underlying theory that
act trivially on all vacuum condensates. If so, then their
validity will not be afI'ected by the vicissitudes of
wormhole dynamics. Also, black holes will have plenty
of hair—perhaps just as much as any other elementary
particle —so that the apparently sharp distinction be-
tween su%ciently heavy elementary particles and small
black holes will fade away.
This research was supported in part by DOE and

NSF.
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We point out that local symmetries can masquerade as discrete global symmetries to an observer
equipped with only low-energy probes. The existence of the underlying local gauge invariance can, how-
ever, result in observable Aharonov-Bohm-type eA'ects. Black holes can therefore carry discrete gauge
charges —a form of nonclassical "hair. " Neither black-hole evaporation, wormholes, nor anything else
can violate discrete gauge symmetries. In supersymmetric unified theories such discrete symmetries can
forbid proton-decay amplitudes that might otherwise be catastrophic.

PACS numbers: 11.30.—j, 13.30.Ce, 97.60.Lf

Although it is a common and fruitful practice to con-
sider local gauge invariance under discrete groups in lat-
tice theories, the implications of such invariance in the
continuum have not been widely discussed. (They have
been invoked in one class of solutions to the axion
domain-wall problem. ' )
At first sight the notion of local discrete symmetry in

the continuum appears rather silly. Indeed, the most im-
portant dynamical consequence of a continuous local
symmetry is the existence of a new field, the gauge field.
This field is introduced in order to formulate covariant
derivatives. Covariant derivatives are, of course, neces-
sary so that invariant interactions involving gradients
may be formed; such interactions in turn are necessary in
order that charged fields may propagate. In the case of a
discrete symmetry there is no similar need to introduce a
gauge potential, because the ordinary derivative already
transforms simply.
To make the discussion more concrete, let us consider

a specific realization of the general idea of discrete local
symmetry, where we produce a local Z~ symmetry. Con-
sider a U(1) gauge theory containing two scalar fields ri
and g carrying charge pe and e, respectively. Suppose
that g undergoes a condensation at some very high mass
scale iM, while g does not condense and produces quanta
of relatively small mass. Then the effective low-energy
theory wi11 simply be the theory of the single complex
scalar field g. This theory will be invariant under the
transformation.

2+i /pg

as a consequence of the original gauge invariance. The
only implication of the original gauge symmetry for the
low-energy effective theory is the absence of interaction
terms forbidden by Eq. (1). And this implication does
not distinguish between local and global symmetry.
Nevertheless, there is a fundamental difference be-

tween local and global symmetries, whether continuous
or discrete. It is that global symmetry is a statement
that the laws of physics take the same form when ex-
pressed in terms of various distinct variables, while lo

cal symmetry is a statement that the variables used in a
physical theory are redundant In la.nguage that may be
more familiar, this redundancy is often stated as the fact
that in a gauge theory, only gauge-invariant quantities
are physically meaningful.
From this point of view, it is clear that no processes,

not even such exotic ones as black-hole evaporation or
wormhole tunneling, can violate a gauge symmetry.
There are two striking theoretical consequences of this
observation:
(i) It has been argued recently that wormhole tunnel-

ing induces all local interactions consistent with continu-
ous gauge symmetries. (The restriction to continuous
local symmetries is not always made explicitly, but has
been tacitly assumed in the conclusions drawn. ) The
theory of wormholes is presently in no fit state to supply
quantitative estimates of the magnitude of the induced
interactions. Still, something can be said. Plausibly,
nonrenormalizable interactions induced by wormholes
are suppressed by inverse powers of the Planck mass—or
the wormhole scale, if this is different —but there is no
evident small parameter suppressing renormalizable in-
teractions. Taken at face value, this feature is a consid-
erable embarrassment. For example, in models with
low-energy supersymmetry, there are numerous renor-
malizable interactions which violate baryon number, and
are capable of causing proton decay at a rapid rate.
Traditionally, such interactions have been argued away
by invoking R parity or discrete fiavor symmetries. If
wormholes made it impossible to maintain such sym-
metries, they would therefore create a great difhculty in
reconciling the interesting possibility of 1ow-energy su-
persymmetry with the stability of matter. As another
example, it is an attractive idea that the structure of the
quark mass matrix is largely dictated by discrete sym-
metries. This idea also appears to be endangered by
worm holes.
In either case, promoting the relevant discrete sym-

metries to local symmetries would permit us to ensure
that they are maintained, independent of the vicissitudes
of wormhole dynamics.

Qc 1989 The American Physical Society 1221
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******* The introductory paragraph ********

Previously, it is argued that the anomaly constraints on Zn charges of a set of massless chiral

(Weyl) fermions in 3+1 dimensions can be deduced by embedding the Zn gauge symmetry in an

U(1) gauge group; these constraints are derived basing on the anomaly cancellation conditions of

the U(1) symmetry, which involve the perturbative gauge and mixed gauge-gravitational anomalies,

together with the constraints on the charges of the fermions that acquire mass through spontaneous

breaking of U(1) [1]. Specifically, let {{qi}, {Qj}} be the U(1) charges of a collection of right-

handed Weyl fermions. 1 To guarantee that the theory is anomaly-free, these charges must obey

the relations
P

i q
3
i +

P
j Q

3
j = 0 and

P
i qi +

P
j Qj = 0. We then introduce a Higgs field � of

charge n to spontaneously break the U(1) symmetry down to a Zn symmetry, and also add Yukawa

couplings between the � field and the charge-Qj fermions, so that these fermions gain mass from

the expectation value of � (while the charge-qi fermions are left massless in the low energy phase).

A generic Yukawa coupling includes the Dirac-type mass terms, which couple each pair of di↵erent

Weyl fermions, and the Majorana-type mass terms, which couple each Weyl fermion with itself.

As these mass terms are required to be gauge invariant when coupled to single-valued functions of

the Higgs field, the charges of the massive fermions must obey Qj0 + Qj00 = integer ⇥ n for each

pair of fermions with a Dirac mass and, if n is even, 2Ql = integer ⇥ n for each fermion with a

Majorana mass. Then, writing qi = q̃i + min, where q̃i, mi 2 Z and 0  q̃i < n, the U(1) anomaly

cancellation conditions plus the charge constraints on the massive states yield

X
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X

i

q̃i = p
0
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0 n

2
, p

0
, r

0
2 Z. (1.15)

Therefore, for a Zn gauge symmetry, the Zn charges {q̃i} of a set of Weyl fermions must satisfy

the above condition – the so-called Ibanez-Ross condition; it is understood to be necessary but not

su�cient, as the Zn gauge theory (coupled to Weyl fermions) are assumed to be the low energy

1 The contribution of a left-handed Weyl fermion of charge q to the anomaly is equal to a right-handed Weyl

fermon of charge �q. Without loss of generality, one can just consider fermions with a specific chirality to derive

the anomaly constraints.

[Kapustin-Seiberg 14]
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A generic Yukawa coupling includes the Dirac-type mass terms, which couple each pair of di↵erent
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1 The contribution of a left-handed Weyl fermion of charge q to the anomaly is equal to a right-handed Weyl

fermon of charge �q. Without loss of generality, one can just consider fermions with a specific chirality to derive

the anomaly constraints.
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Previous works
• There have been several attempts to tackle this problem, such as 

the works by Ibanez-Ross (91), Banks-Dine (91), Csaki-
Murayama (97), Araki et al. (08), etc.

• Let’s review some of these works
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Zn anomaly cancel. cond.
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Banks-Dine
Comments on Ibanez-Ross: 
• Only the linear constraint should be satisfied

• The nonlinear (cubic) constraint might be too restrictive and 
might not be required for consistency of the low energy theory

Ø It is not solely from the low energy considerations and would 
depend on assumptions about UV embedding theories

Ø It can be argued by considering the violation of the low energy Zn
symm in the presence of a grav instanton which is a spin manifold
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Csaki-Murayama
Argument by ’t Hooft anomaly matching. Two types of discrete 
anomalies are involved:

• For Type I anomalies, the matching conditions have to be 
always satisfied regardless of the details of the massive bound 
state spectrum. 

• The Type II anomalies have to be also matched except if there 
are fractionally charged massive bound states in the theory.
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Our approach
• Here we revisit this problem from a more modern perspective 

based on the concept of symmetry protected topological (SPT) 
phases (from condensed matter physics) and also from a refined 
definition of global anomalies by Witten (2016)

• Our approach is based on geometrical and topological considerations 

ØWe compute the ’t Hooft anomaly of ℤ" (global) symm, deduced by 
the consistency of formulating the theory on a generic manifold w/ a 
untwisted/twisted spin structure and a background ℤ" field
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Conclusion 
• We propose a new formula for evaluating the anomalies (and 

the corresponding cancel. cond.) of an underlying chiral gauge 
theory. 

• While agreeing with previous works by Ibanez and Ross and by 
Csaki and Murayama using anomaly matching argument, our 
result provides, from a purely low-energy perspective, a more 
complete aspect of discrete symmetry anomalies, respecting the 
viewpoint in the work of Banks and Dine.  



Thank You!


