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INTRODUCTION

➤ String Theory and its friends accommodate many interesting 
physical phenomena discussed at this conference, e.g.

Black Holes Holography

Gauge theories Cosmology Entanglement



INTRODUCTION

STRING PERTURBATION THEORY SPACETIME ACTION/SUPERGRAVITY

Not only are there many “solutions” of string theory, but there are 
many ways to describe it, e.g…

GEOMETRY/COMPACTIFICATION CONFORMAL SYMMETRY&ADS/CFT
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INTRODUCTION
Combinations of different viewpoints elucidate different aspects of the theory, 

e.g…

Field theory dualities Non-perturbative objects

Black hole entropy

PEEt.ir#ty

String Dualities 



INTRODUCTION
I propose the following tool has been underexploited:

I will discuss 2 physical examples where I think number theory has something to 
teach us, but I expect there are many more:

NUMBER THEORY

I: MSW STRINGS
II: 3D N=2 QFT



INTRODUCTION
These examples relate to the larger questions: 

What are the symmetries of string theory? 

Are there new ways to think about special solutions?  

Can we understand large classes of them? 

How does modularity, in its many forms, relate to the many  

physical phenomena in QFT and string theory?



PART I: 
MSW STRINGS

Skew and Mock



PART I: SKEW AND MOCK

5- branes MfP

CY 3

Index counting BPS states governs black hole entropy in M-theory

Maldacena, Strominger, Witten ‘97

“MSW string”

N=(0,4) worldsheet CFT



PART I: SKEW AND MOCK
Let’s consider a supersymmetric index which counts worldsheet BPS states, called a 
modified elliptic genus:

Gaiotto, Strominger, Yin ’06 
de Boer, Cheng, Dijkgraaf, Manschot, Verlinde ’06 

Denef, Moore ‘07
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In general it is not holomorphic, but has modular properties:
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weight (-3/2,1/2) 

 modular form

N=4 spectral flow implies the index has a theta decomposition, which 
depends on the geometry of P:

Z(⌧, ⇣) =
X
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coefficients are 
modular and mock 

modular forms



PART I: SKEW AND MOCK

Example: single 5-brane on 1/2-K3

Special moduli: rational radii
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M12 moonshine function
Cheng, Duncan, SH, Harvey, Kachru, Rayhaun ’17 

weight 2 skew-hol. 
Jacobi form

Minahan, Nemeschansky, Vafa, Warner ‘98

R2=3:

where R=size of elliptic fiber



PART I: SKEW AND MOCK

➤ Compare with Mathieu moonshine and K3: 

➤ Connection between finite groups, modular forms, and complex surfaces is 
seemingly pervasive once we relax rules to allow signs, e.g. 

➤ Special skew-holomorphic property of BPS index appears at rational and attractor 
points in moduli space 

➤ Can moonshine give us a new way to organize these special solutions of string 
theory?

Comments:
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M

n
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PART II: 
3D N=2 QFT

Mock, False, and Quantum



PART II: MOCK, FALSE, AND QUANTUM

➤ 3d-3d Correspondence:

3d N = 2 theory T [M3]
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M5-branes on 3-manifold M3
<latexit sha1_base64="IBfybQLy525ZgfNpOc78lBqb4zM=">AAACBnicbVDLSgMxFM34rPU16lKEYCu4aZlpEV0W3bgpVLAPaIchk8m0oZlkSDJCKV258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCRJGlXacb2tldW19YzO3ld/e2d3btw8OW0qkEpMmFkzIToAUYZSTpqaakU4iCYoDRtrB8Gbqtx+IVFTwez1KiBejPqcRxUgbybdP6helQCJOFBQcVksxMq5gISzW/WrRtwtO2ZkBLhM3IwWQoeHbX71Q4DQmXGOGlOq6TqK9MZKaYkYm+V6qSILwEPVJ11COYqK88eyNCTwzSggjIU1xDWfq74kxipUaxYHpjJEeqEVvKv7ndVMdXXljypNUE47ni6KUQS3gNBMYUkmwZiNDEJbU3ArxAEmEtUkub0JwF19eJq1K2XXK7l2lULvO4siBY3AKzoELLkEN3IIGaAIMHsEzeAVv1pP1Yr1bH/PWFSubOQJ/YH3+ADSClwM=</latexit><latexit sha1_base64="IBfybQLy525ZgfNpOc78lBqb4zM=">AAACBnicbVDLSgMxFM34rPU16lKEYCu4aZlpEV0W3bgpVLAPaIchk8m0oZlkSDJCKV258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCRJGlXacb2tldW19YzO3ld/e2d3btw8OW0qkEpMmFkzIToAUYZSTpqaakU4iCYoDRtrB8Gbqtx+IVFTwez1KiBejPqcRxUgbybdP6helQCJOFBQcVksxMq5gISzW/WrRtwtO2ZkBLhM3IwWQoeHbX71Q4DQmXGOGlOq6TqK9MZKaYkYm+V6qSILwEPVJ11COYqK88eyNCTwzSggjIU1xDWfq74kxipUaxYHpjJEeqEVvKv7ndVMdXXljypNUE47ni6KUQS3gNBMYUkmwZiNDEJbU3ArxAEmEtUkub0JwF19eJq1K2XXK7l2lULvO4siBY3AKzoELLkEN3IIGaAIMHsEzeAVv1pP1Yr1bH/PWFSubOQJ/YH3+ADSClwM=</latexit><latexit sha1_base64="IBfybQLy525ZgfNpOc78lBqb4zM=">AAACBnicbVDLSgMxFM34rPU16lKEYCu4aZlpEV0W3bgpVLAPaIchk8m0oZlkSDJCKV258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCRJGlXacb2tldW19YzO3ld/e2d3btw8OW0qkEpMmFkzIToAUYZSTpqaakU4iCYoDRtrB8Gbqtx+IVFTwez1KiBejPqcRxUgbybdP6helQCJOFBQcVksxMq5gISzW/WrRtwtO2ZkBLhM3IwWQoeHbX71Q4DQmXGOGlOq6TqK9MZKaYkYm+V6qSILwEPVJ11COYqK88eyNCTwzSggjIU1xDWfq74kxipUaxYHpjJEeqEVvKv7ndVMdXXljypNUE47ni6KUQS3gNBMYUkmwZiNDEJbU3ArxAEmEtUkub0JwF19eJq1K2XXK7l2lULvO4siBY3AKzoELLkEN3IIGaAIMHsEzeAVv1pP1Yr1bH/PWFSubOQJ/YH3+ADSClwM=</latexit><latexit sha1_base64="IBfybQLy525ZgfNpOc78lBqb4zM=">AAACBnicbVDLSgMxFM34rPU16lKEYCu4aZlpEV0W3bgpVLAPaIchk8m0oZlkSDJCKV258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCRJGlXacb2tldW19YzO3ld/e2d3btw8OW0qkEpMmFkzIToAUYZSTpqaakU4iCYoDRtrB8Gbqtx+IVFTwez1KiBejPqcRxUgbybdP6helQCJOFBQcVksxMq5gISzW/WrRtwtO2ZkBLhM3IwWQoeHbX71Q4DQmXGOGlOq6TqK9MZKaYkYm+V6qSILwEPVJ11COYqK88eyNCTwzSggjIU1xDWfq74kxipUaxYHpjJEeqEVvKv7ndVMdXXljypNUE47ni6KUQS3gNBMYUkmwZiNDEJbU3ArxAEmEtUkub0JwF19eJq1K2XXK7l2lULvO4siBY3AKzoELLkEN3IIGaAIMHsEzeAVv1pP1Yr1bH/PWFSubOQJ/YH3+ADSClwM=</latexit>

Dimofte,Gaiotto,Gukov ‘11

G-type Chern-Simons on M3
<latexit sha1_base64="xNa5Hz+5XBVa68v9Wu0O+R7CURY=">AAACB3icbVDLSgMxFM34rPVVdSlIsCO4aZmpC10Wu9CNUNE+oC0lk2ba0DyGJCOUoTs3/oobF4q49Rfc+Tem0y609UDgcM693JwTRIxq43nfztLyyuraemYju7m1vbOb29uvaxkrTGpYMqmaAdKEUUFqhhpGmpEiiAeMNIJhZeI3HojSVIp7M4pIh6O+oCHFyFipmztyr9zCxICVAVGicEe5FBpKAd2b7pnbzeW9opcCLhJ/RvJghmo399XuSRxzIgxmSOuW70WmkyBlKGZknG3HmkQID1GftCwViBPdSdIcY3hilR4MpbJPGJiqvzcSxLUe8cBOcmQGet6biP95rdiEF52Eiig2RODpoTBm0EiYZu9RRbBhI0sQVtT+FeIBUggbW13WluDPR14k9VLR94r+bSlfvpzVkQGH4BicAh+cgzK4BlVQAxg8gmfwCt6cJ+fFeXc+pqNLzmznAPyB8/kDwFuXTQ==</latexit><latexit sha1_base64="xNa5Hz+5XBVa68v9Wu0O+R7CURY=">AAACB3icbVDLSgMxFM34rPVVdSlIsCO4aZmpC10Wu9CNUNE+oC0lk2ba0DyGJCOUoTs3/oobF4q49Rfc+Tem0y609UDgcM693JwTRIxq43nfztLyyuraemYju7m1vbOb29uvaxkrTGpYMqmaAdKEUUFqhhpGmpEiiAeMNIJhZeI3HojSVIp7M4pIh6O+oCHFyFipmztyr9zCxICVAVGicEe5FBpKAd2b7pnbzeW9opcCLhJ/RvJghmo399XuSRxzIgxmSOuW70WmkyBlKGZknG3HmkQID1GftCwViBPdSdIcY3hilR4MpbJPGJiqvzcSxLUe8cBOcmQGet6biP95rdiEF52Eiig2RODpoTBm0EiYZu9RRbBhI0sQVtT+FeIBUggbW13WluDPR14k9VLR94r+bSlfvpzVkQGH4BicAh+cgzK4BlVQAxg8gmfwCt6cJ+fFeXc+pqNLzmznAPyB8/kDwFuXTQ==</latexit><latexit sha1_base64="xNa5Hz+5XBVa68v9Wu0O+R7CURY=">AAACB3icbVDLSgMxFM34rPVVdSlIsCO4aZmpC10Wu9CNUNE+oC0lk2ba0DyGJCOUoTs3/oobF4q49Rfc+Tem0y609UDgcM693JwTRIxq43nfztLyyuraemYju7m1vbOb29uvaxkrTGpYMqmaAdKEUUFqhhpGmpEiiAeMNIJhZeI3HojSVIp7M4pIh6O+oCHFyFipmztyr9zCxICVAVGicEe5FBpKAd2b7pnbzeW9opcCLhJ/RvJghmo399XuSRxzIgxmSOuW70WmkyBlKGZknG3HmkQID1GftCwViBPdSdIcY3hilR4MpbJPGJiqvzcSxLUe8cBOcmQGet6biP95rdiEF52Eiig2RODpoTBm0EiYZu9RRbBhI0sQVtT+FeIBUggbW13WluDPR14k9VLR94r+bSlfvpzVkQGH4BicAh+cgzK4BlVQAxg8gmfwCt6cJ+fFeXc+pqNLzmznAPyB8/kDwFuXTQ==</latexit><latexit sha1_base64="xNa5Hz+5XBVa68v9Wu0O+R7CURY=">AAACB3icbVDLSgMxFM34rPVVdSlIsCO4aZmpC10Wu9CNUNE+oC0lk2ba0DyGJCOUoTs3/oobF4q49Rfc+Tem0y609UDgcM693JwTRIxq43nfztLyyuraemYju7m1vbOb29uvaxkrTGpYMqmaAdKEUUFqhhpGmpEiiAeMNIJhZeI3HojSVIp7M4pIh6O+oCHFyFipmztyr9zCxICVAVGicEe5FBpKAd2b7pnbzeW9opcCLhJ/RvJghmo399XuSRxzIgxmSOuW70WmkyBlKGZknG3HmkQID1GftCwViBPdSdIcY3hilR4MpbJPGJiqvzcSxLUe8cBOcmQGet6biP95rdiEF52Eiig2RODpoTBm0EiYZu9RRbBhI0sQVtT+FeIBUggbW13WluDPR14k9VLR94r+bSlfvpzVkQGH4BicAh+cgzK4BlVQAxg8gmfwCt6cJ+fFeXc+pqNLzmznAPyB8/kDwFuXTQ==</latexit>

Topological invariants BPS quantities

M3

.

brakes n #
3- manifold

We will take G = SU(2)
<latexit sha1_base64="q29DiYRKCEOv+Z6Fux99HAQrmzQ=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEbskujjQnRQkuMLpAAIbPDBSbMPjJzVyUbPsHGX7Gx0BhbSzv/xuFRKHiSSU7OuffOvceLpNBo29/WwuLS8spqai29vrG5tZ3Z2a3oMFYcXB7KUNU8pkGKAFwUKKEWKWC+J6Hq9S9GfvUOlBZhcIuDCJo+6waiIzhDI7UyRw2EBxzPSRS0h0kV6L2QkiLrA81dnt24+eJxbtjKZO2CPQadJ86UZMkU5Vbmq9EOeexDgFwyreuOHWEzYQoFlzBMN2INEeN91oW6oQHzQTeT8SJDemiUNu2EyrwA6Vj93ZEwX+uB75lKn2FPz3oj8T+vHmPntJmIIIoRAj75qBOba0M6Soe2hQKOcmAI40qYXSnvMcU4mgzTJgRn9uR5UikWHLvgXBezpfNpHCmyTw5InjjkhJTIFSkTl3DySJ7JK3mznqwX6936mJQuWNOePfIH1ucPUCicCg==</latexit><latexit sha1_base64="q29DiYRKCEOv+Z6Fux99HAQrmzQ=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEbskujjQnRQkuMLpAAIbPDBSbMPjJzVyUbPsHGX7Gx0BhbSzv/xuFRKHiSSU7OuffOvceLpNBo29/WwuLS8spqai29vrG5tZ3Z2a3oMFYcXB7KUNU8pkGKAFwUKKEWKWC+J6Hq9S9GfvUOlBZhcIuDCJo+6waiIzhDI7UyRw2EBxzPSRS0h0kV6L2QkiLrA81dnt24+eJxbtjKZO2CPQadJ86UZMkU5Vbmq9EOeexDgFwyreuOHWEzYQoFlzBMN2INEeN91oW6oQHzQTeT8SJDemiUNu2EyrwA6Vj93ZEwX+uB75lKn2FPz3oj8T+vHmPntJmIIIoRAj75qBOba0M6Soe2hQKOcmAI40qYXSnvMcU4mgzTJgRn9uR5UikWHLvgXBezpfNpHCmyTw5InjjkhJTIFSkTl3DySJ7JK3mznqwX6936mJQuWNOePfIH1ucPUCicCg==</latexit><latexit sha1_base64="q29DiYRKCEOv+Z6Fux99HAQrmzQ=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEbskujjQnRQkuMLpAAIbPDBSbMPjJzVyUbPsHGX7Gx0BhbSzv/xuFRKHiSSU7OuffOvceLpNBo29/WwuLS8spqai29vrG5tZ3Z2a3oMFYcXB7KUNU8pkGKAFwUKKEWKWC+J6Hq9S9GfvUOlBZhcIuDCJo+6waiIzhDI7UyRw2EBxzPSRS0h0kV6L2QkiLrA81dnt24+eJxbtjKZO2CPQadJ86UZMkU5Vbmq9EOeexDgFwyreuOHWEzYQoFlzBMN2INEeN91oW6oQHzQTeT8SJDemiUNu2EyrwA6Vj93ZEwX+uB75lKn2FPz3oj8T+vHmPntJmIIIoRAj75qBOba0M6Soe2hQKOcmAI40qYXSnvMcU4mgzTJgRn9uR5UikWHLvgXBezpfNpHCmyTw5InjjkhJTIFSkTl3DySJ7JK3mznqwX6936mJQuWNOePfIH1ucPUCicCg==</latexit><latexit sha1_base64="q29DiYRKCEOv+Z6Fux99HAQrmzQ=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEbskujjQnRQkuMLpAAIbPDBSbMPjJzVyUbPsHGX7Gx0BhbSzv/xuFRKHiSSU7OuffOvceLpNBo29/WwuLS8spqai29vrG5tZ3Z2a3oMFYcXB7KUNU8pkGKAFwUKKEWKWC+J6Hq9S9GfvUOlBZhcIuDCJo+6waiIzhDI7UyRw2EBxzPSRS0h0kV6L2QkiLrA81dnt24+eJxbtjKZO2CPQadJ86UZMkU5Vbmq9EOeexDgFwyreuOHWEzYQoFlzBMN2INEeN91oW6oQHzQTeT8SJDemiUNu2EyrwA6Vj93ZEwX+uB75lKn2FPz3oj8T+vHmPntJmIIIoRAj75qBOba0M6Soe2hQKOcmAI40qYXSnvMcU4mgzTJgRn9uR5UikWHLvgXBezpfNpHCmyTw5InjjkhJTIFSkTl3DySJ7JK3mznqwX6936mJQuWNOePfIH1ucPUCicCg==</latexit>



PART II: MOCK, FALSE, AND QUANTUM
We will consider the so-called half-index with boundary conditions labeled by abelian flat 
connections on M3:

N =(0,2) boundary2d
condition

=23d N
theory Ba

<latexit sha1_base64="L4tszY4zA2dpq0p9jfpO83j6IBU=">AAAB+HicbVC7TsMwFHXKq5RHA4wsFi0SU5V0gbEqC2OR6ENqo+jGdVqrjhPZDlKJ+iUsDCDEyqew8Tc4bQZoOZKlo3Pu1T0+QcKZ0o7zbZW2tnd298r7lYPDo+OqfXLaU3EqCe2SmMdyEICinAna1UxzOkgkhSjgtB/MbnO//0ilYrF40POEehFMBAsZAW0k367WRxHoKQGetRc+1H275jScJfAmcQtSQwU6vv01GsckjajQhINSQ9dJtJeB1IxwuqiMUkUTIDOY0KGhAiKqvGwZfIEvjTLGYSzNExov1d8bGURKzaPATOYp1bqXi/95w1SHN17GRJJqKsjqUJhyrGOct4DHTFKi+dwQIJKZrJhMQQLRpquKKcFd//Im6TUbrtNw75u1Vruoo4zO0QW6Qi66Ri10hzqoiwhK0TN6RW/Wk/VivVsfq9GSVeycoT+wPn8AHYiStw==</latexit><latexit sha1_base64="L4tszY4zA2dpq0p9jfpO83j6IBU=">AAAB+HicbVC7TsMwFHXKq5RHA4wsFi0SU5V0gbEqC2OR6ENqo+jGdVqrjhPZDlKJ+iUsDCDEyqew8Tc4bQZoOZKlo3Pu1T0+QcKZ0o7zbZW2tnd298r7lYPDo+OqfXLaU3EqCe2SmMdyEICinAna1UxzOkgkhSjgtB/MbnO//0ilYrF40POEehFMBAsZAW0k367WRxHoKQGetRc+1H275jScJfAmcQtSQwU6vv01GsckjajQhINSQ9dJtJeB1IxwuqiMUkUTIDOY0KGhAiKqvGwZfIEvjTLGYSzNExov1d8bGURKzaPATOYp1bqXi/95w1SHN17GRJJqKsjqUJhyrGOct4DHTFKi+dwQIJKZrJhMQQLRpquKKcFd//Im6TUbrtNw75u1Vruoo4zO0QW6Qi66Ri10hzqoiwhK0TN6RW/Wk/VivVsfq9GSVeycoT+wPn8AHYiStw==</latexit><latexit sha1_base64="L4tszY4zA2dpq0p9jfpO83j6IBU=">AAAB+HicbVC7TsMwFHXKq5RHA4wsFi0SU5V0gbEqC2OR6ENqo+jGdVqrjhPZDlKJ+iUsDCDEyqew8Tc4bQZoOZKlo3Pu1T0+QcKZ0o7zbZW2tnd298r7lYPDo+OqfXLaU3EqCe2SmMdyEICinAna1UxzOkgkhSjgtB/MbnO//0ilYrF40POEehFMBAsZAW0k367WRxHoKQGetRc+1H275jScJfAmcQtSQwU6vv01GsckjajQhINSQ9dJtJeB1IxwuqiMUkUTIDOY0KGhAiKqvGwZfIEvjTLGYSzNExov1d8bGURKzaPATOYp1bqXi/95w1SHN17GRJJqKsjqUJhyrGOct4DHTFKi+dwQIJKZrJhMQQLRpquKKcFd//Im6TUbrtNw75u1Vruoo4zO0QW6Qi66Ri10hzqoiwhK0TN6RW/Wk/VivVsfq9GSVeycoT+wPn8AHYiStw==</latexit><latexit sha1_base64="L4tszY4zA2dpq0p9jfpO83j6IBU=">AAAB+HicbVC7TsMwFHXKq5RHA4wsFi0SU5V0gbEqC2OR6ENqo+jGdVqrjhPZDlKJ+iUsDCDEyqew8Tc4bQZoOZKlo3Pu1T0+QcKZ0o7zbZW2tnd298r7lYPDo+OqfXLaU3EqCe2SmMdyEICinAna1UxzOkgkhSjgtB/MbnO//0ilYrF40POEehFMBAsZAW0k367WRxHoKQGetRc+1H275jScJfAmcQtSQwU6vv01GsckjajQhINSQ9dJtJeB1IxwuqiMUkUTIDOY0KGhAiKqvGwZfIEvjTLGYSzNExov1d8bGURKzaPATOYp1bqXi/95w1SHN17GRJJqKsjqUJhyrGOct4DHTFKi+dwQIJKZrJhMQQLRpquKKcFd//Im6TUbrtNw75u1Vruoo4zO0QW6Qi66Ri10hzqoiwhK0TN6RW/Wk/VivVsfq9GSVeycoT+wPn8AHYiStw==</latexit>

For certain 2d (0, 2) b.c. Ba labeled by a 2 TorH1(M3,Z)/Z2, we have

Ẑa(q) = q
�a

X

n

anq
n
, an 2 Z

<latexit sha1_base64="WoEUELjJD4SMFLr3t6l4R/8WVCs="></latexit><latexit sha1_base64="WoEUELjJD4SMFLr3t6l4R/8WVCs="></latexit><latexit sha1_base64="WoEUELjJD4SMFLr3t6l4R/8WVCs="></latexit><latexit sha1_base64="WoEUELjJD4SMFLr3t6l4R/8WVCs="></latexit> Gukov,Putrov,Vafa ’16 

Gukov,Pei,Putrov,Vafa ‘17

q = e2⇡i⌧
<latexit sha1_base64="Tk/eOj1cFuIJ7YDtIaAXk9PtRzM=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5IUQS9C0YvHCvYDmlg220m7dLOJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYXU399gNIxWJxq8cJ+BEZCBYySrSRenb5/gLuspqXMMywp0k66dkVp+rMgJeJm5MKytHo2V9eP6ZpBEJTTpTquk6i/YxIzSiHSclLFSSEjsgAuoYKEoHys9npE3xslD4OY2lKaDxTf09kJFJqHAWmMyJ6qBa9qfif1011eO5nTCSpBkHni8KUYx3jaQ64zyRQzceGECqZuRXTIZGEapNWyYTgLr68TFq1qutU3ZvTSv0yj6OIDtEROkEuOkN1dI0aqIkoekTP6BW9WU/Wi/VufcxbC1Y+c4D+wPr8AW7Ok3Q=</latexit><latexit sha1_base64="Tk/eOj1cFuIJ7YDtIaAXk9PtRzM=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5IUQS9C0YvHCvYDmlg220m7dLOJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYXU399gNIxWJxq8cJ+BEZCBYySrSRenb5/gLuspqXMMywp0k66dkVp+rMgJeJm5MKytHo2V9eP6ZpBEJTTpTquk6i/YxIzSiHSclLFSSEjsgAuoYKEoHys9npE3xslD4OY2lKaDxTf09kJFJqHAWmMyJ6qBa9qfif1011eO5nTCSpBkHni8KUYx3jaQ64zyRQzceGECqZuRXTIZGEapNWyYTgLr68TFq1qutU3ZvTSv0yj6OIDtEROkEuOkN1dI0aqIkoekTP6BW9WU/Wi/VufcxbC1Y+c4D+wPr8AW7Ok3Q=</latexit><latexit sha1_base64="Tk/eOj1cFuIJ7YDtIaAXk9PtRzM=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5IUQS9C0YvHCvYDmlg220m7dLOJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYXU399gNIxWJxq8cJ+BEZCBYySrSRenb5/gLuspqXMMywp0k66dkVp+rMgJeJm5MKytHo2V9eP6ZpBEJTTpTquk6i/YxIzSiHSclLFSSEjsgAuoYKEoHys9npE3xslD4OY2lKaDxTf09kJFJqHAWmMyJ6qBa9qfif1011eO5nTCSpBkHni8KUYx3jaQ64zyRQzceGECqZuRXTIZGEapNWyYTgLr68TFq1qutU3ZvTSv0yj6OIDtEROkEuOkN1dI0aqIkoekTP6BW9WU/Wi/VufcxbC1Y+c4D+wPr8AW7Ok3Q=</latexit><latexit sha1_base64="Tk/eOj1cFuIJ7YDtIaAXk9PtRzM=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5IUQS9C0YvHCvYDmlg220m7dLOJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYXU399gNIxWJxq8cJ+BEZCBYySrSRenb5/gLuspqXMMywp0k66dkVp+rMgJeJm5MKytHo2V9eP6ZpBEJTTpTquk6i/YxIzSiHSclLFSSEjsgAuoYKEoHys9npE3xslD4OY2lKaDxTf09kJFJqHAWmMyJ6qBa9qfif1011eO5nTCSpBkHni8KUYx3jaQ64zyRQzceGECqZuRXTIZGEapNWyYTgLr68TFq1qutU3ZvTSv0yj6OIDtEROkEuOkN1dI0aqIkoekTP6BW9WU/Wi/VufcxbC1Y+c4D+wPr8AW7Ok3Q=</latexit>

ZCS(M3) =

Z
DAe2⇡ikS(A)

<latexit sha1_base64="8RpohHn9rJwCT92snDYGInXpIIg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTaTUmqoBuhtS7cCJXaBzYxTKbTdujkwcxEKCFf4MZfceNCEbeu3fk3TtsstPXAhcM593LvPW7IqJCG8a0tLa+srq1nNrKbW9s7u/refksEEcekiQMW8I6LBGHUJ01JJSOdkBPkuYy03VFt4rcfCBc08G/lOCS2hwY+7VOMpJIcPX/nxLVGUrh2jovn0KK+hJdVSO7jshVSSOGoUagWE0fPGSVjCrhIzJTkQIq6o39ZvQBHHvElZkiIrmmE0o4RlxQzkmStSJAQ4REakK6iPvKIsOPpOwnMK6UH+wFXpe6Zqr8nYuQJMfZc1ekhORTz3kT8z+tGsn9mx9QPI0l8PFvUjxiUAZxkA3uUEyzZWBGEOVW3QjxEHGGpEsyqEMz5lxdJq1wyjZJ5c5KrXKRxZMAhOAIFYIJTUAFXoA6aAINH8AxewZv2pL1o79rHrHVJS2cOwB9onz/nEJl4</latexit><latexit sha1_base64="8RpohHn9rJwCT92snDYGInXpIIg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTaTUmqoBuhtS7cCJXaBzYxTKbTdujkwcxEKCFf4MZfceNCEbeu3fk3TtsstPXAhcM593LvPW7IqJCG8a0tLa+srq1nNrKbW9s7u/refksEEcekiQMW8I6LBGHUJ01JJSOdkBPkuYy03VFt4rcfCBc08G/lOCS2hwY+7VOMpJIcPX/nxLVGUrh2jovn0KK+hJdVSO7jshVSSOGoUagWE0fPGSVjCrhIzJTkQIq6o39ZvQBHHvElZkiIrmmE0o4RlxQzkmStSJAQ4REakK6iPvKIsOPpOwnMK6UH+wFXpe6Zqr8nYuQJMfZc1ekhORTz3kT8z+tGsn9mx9QPI0l8PFvUjxiUAZxkA3uUEyzZWBGEOVW3QjxEHGGpEsyqEMz5lxdJq1wyjZJ5c5KrXKRxZMAhOAIFYIJTUAFXoA6aAINH8AxewZv2pL1o79rHrHVJS2cOwB9onz/nEJl4</latexit><latexit sha1_base64="8RpohHn9rJwCT92snDYGInXpIIg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTaTUmqoBuhtS7cCJXaBzYxTKbTdujkwcxEKCFf4MZfceNCEbeu3fk3TtsstPXAhcM593LvPW7IqJCG8a0tLa+srq1nNrKbW9s7u/refksEEcekiQMW8I6LBGHUJ01JJSOdkBPkuYy03VFt4rcfCBc08G/lOCS2hwY+7VOMpJIcPX/nxLVGUrh2jovn0KK+hJdVSO7jshVSSOGoUagWE0fPGSVjCrhIzJTkQIq6o39ZvQBHHvElZkiIrmmE0o4RlxQzkmStSJAQ4REakK6iPvKIsOPpOwnMK6UH+wFXpe6Zqr8nYuQJMfZc1ekhORTz3kT8z+tGsn9mx9QPI0l8PFvUjxiUAZxkA3uUEyzZWBGEOVW3QjxEHGGpEsyqEMz5lxdJq1wyjZJ5c5KrXKRxZMAhOAIFYIJTUAFXoA6aAINH8AxewZv2pL1o79rHrHVJS2cOwB9onz/nEJl4</latexit><latexit sha1_base64="8RpohHn9rJwCT92snDYGInXpIIg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTaTUmqoBuhtS7cCJXaBzYxTKbTdujkwcxEKCFf4MZfceNCEbeu3fk3TtsstPXAhcM593LvPW7IqJCG8a0tLa+srq1nNrKbW9s7u/refksEEcekiQMW8I6LBGHUJ01JJSOdkBPkuYy03VFt4rcfCBc08G/lOCS2hwY+7VOMpJIcPX/nxLVGUrh2jovn0KK+hJdVSO7jshVSSOGoUagWE0fPGSVjCrhIzJTkQIq6o39ZvQBHHvElZkiIrmmE0o4RlxQzkmStSJAQ4REakK6iPvKIsOPpOwnMK6UH+wFXpe6Zqr8nYuQJMfZc1ekhORTz3kT8z+tGsn9mx9QPI0l8PFvUjxiUAZxkA3uUEyzZWBGEOVW3QjxEHGGpEsyqEMz5lxdJq1wyjZJ5c5KrXKRxZMAhOAIFYIJTUAFXoA6aAINH8AxewZv2pL1o79rHrHVJS2cOwB9onz/nEJl4</latexit>

dA+A ^A = 0
<latexit sha1_base64="gaYRwjERiTl4S22EF65sAX4y/4w=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtgVQS9CohePEcwDkhBmZ3uTIbMPZmYjYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3eYngSjvOt7Wyura+sVnYKm7v7O7t2weHDRWnkmGdxSKWLY8qFDzCuuZaYCuRSENPYNMb3k395gil4nH0qMcJdkPaj3jAGdVG6tm2XyXnpNp5Qr+PpHrj9OySU3ZmIMvEzUkJctR69lfHj1kaYqSZoEq1XSfR3YxKzZnASbGTKkwoG9I+tg2NaIiqm80un5BTo/gkiKWpSJOZ+nsio6FS49AznSHVA7XoTcX/vHaqg+tuxqMk1Rix+aIgFUTHZBoD8blEpsXYEMokN7cSNqCSMm3CKpoQ3MWXl0njouw6ZffhslS5zeMowDGcwBm4cAUVuIca1IHBCJ7hFd6szHqx3q2PeeuKlc8cwR9Ynz/RO5HS</latexit><latexit sha1_base64="gaYRwjERiTl4S22EF65sAX4y/4w=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtgVQS9CohePEcwDkhBmZ3uTIbMPZmYjYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3eYngSjvOt7Wyura+sVnYKm7v7O7t2weHDRWnkmGdxSKWLY8qFDzCuuZaYCuRSENPYNMb3k395gil4nH0qMcJdkPaj3jAGdVG6tm2XyXnpNp5Qr+PpHrj9OySU3ZmIMvEzUkJctR69lfHj1kaYqSZoEq1XSfR3YxKzZnASbGTKkwoG9I+tg2NaIiqm80un5BTo/gkiKWpSJOZ+nsio6FS49AznSHVA7XoTcX/vHaqg+tuxqMk1Rix+aIgFUTHZBoD8blEpsXYEMokN7cSNqCSMm3CKpoQ3MWXl0njouw6ZffhslS5zeMowDGcwBm4cAUVuIca1IHBCJ7hFd6szHqx3q2PeeuKlc8cwR9Ynz/RO5HS</latexit><latexit sha1_base64="gaYRwjERiTl4S22EF65sAX4y/4w=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtgVQS9CohePEcwDkhBmZ3uTIbMPZmYjYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3eYngSjvOt7Wyura+sVnYKm7v7O7t2weHDRWnkmGdxSKWLY8qFDzCuuZaYCuRSENPYNMb3k395gil4nH0qMcJdkPaj3jAGdVG6tm2XyXnpNp5Qr+PpHrj9OySU3ZmIMvEzUkJctR69lfHj1kaYqSZoEq1XSfR3YxKzZnASbGTKkwoG9I+tg2NaIiqm80un5BTo/gkiKWpSJOZ+nsio6FS49AznSHVA7XoTcX/vHaqg+tuxqMk1Rix+aIgFUTHZBoD8blEpsXYEMokN7cSNqCSMm3CKpoQ3MWXl0njouw6ZffhslS5zeMowDGcwBm4cAUVuIca1IHBCJ7hFd6szHqx3q2PeeuKlc8cwR9Ynz/RO5HS</latexit><latexit sha1_base64="gaYRwjERiTl4S22EF65sAX4y/4w=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtgVQS9CohePEcwDkhBmZ3uTIbMPZmYjYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3eYngSjvOt7Wyura+sVnYKm7v7O7t2weHDRWnkmGdxSKWLY8qFDzCuuZaYCuRSENPYNMb3k395gil4nH0qMcJdkPaj3jAGdVG6tm2XyXnpNp5Qr+PpHrj9OySU3ZmIMvEzUkJctR69lfHj1kaYqSZoEq1XSfR3YxKzZnASbGTKkwoG9I+tg2NaIiqm80un5BTo/gkiKWpSJOZ+nsio6FS49AznSHVA7XoTcX/vHaqg+tuxqMk1Rix+aIgFUTHZBoD8blEpsXYEMokN7cSNqCSMm3CKpoQ3MWXl0njouw6ZffhslS5zeMowDGcwBm4cAUVuIca1IHBCJ7hFd6szHqx3q2PeeuKlc8cwR9Ynz/RO5HS</latexit>

Ẑa(q) = Z(D2 ⇥ S1;Ba)
<latexit sha1_base64="Ixq8CDfE65jGqFHrD1YguFVfm04=">AAACFnicbVDLSgNBEJyN7/iKevQyGITkYNgVQUEEiR48KpoHySZL72SSDM4+nOkVQshXePFXvHhQxKt482+cxBw0saChqOqmu8uPpdBo219WamZ2bn5hcSm9vLK6tp7Z2CzrKFGMl1gkI1X1QXMpQl5CgZJXY8Uh8CWv+LdnQ79yz5UWUXiDvZg3AuiEoi0YoJG8zJ7bBaQ1D3J3eXpCa7nz5j51UQRc0+umc0zdALDLQNKiB3kvk7UL9gh0mjhjkiVjXHqZT7cVsSTgITIJWtcdO8ZGHxQKJvkg7Saax8BuocPrhoZg9jb6o7cGdNcoLdqOlKkQ6Uj9PdGHQOte4JvO4ZF60huK/3n1BNtHjb4I4wR5yH4WtRNJMaLDjGhLKM5Q9gwBpoS5lbIuKGBokkybEJzJl6dJeb/g2AXn6iB7WhzHsUi2yQ7JEYccklNyQS5JiTDyQJ7IC3m1Hq1n6816/2lNWeOZLfIH1sc3R06cUQ==</latexit><latexit sha1_base64="Ixq8CDfE65jGqFHrD1YguFVfm04=">AAACFnicbVDLSgNBEJyN7/iKevQyGITkYNgVQUEEiR48KpoHySZL72SSDM4+nOkVQshXePFXvHhQxKt482+cxBw0saChqOqmu8uPpdBo219WamZ2bn5hcSm9vLK6tp7Z2CzrKFGMl1gkI1X1QXMpQl5CgZJXY8Uh8CWv+LdnQ79yz5UWUXiDvZg3AuiEoi0YoJG8zJ7bBaQ1D3J3eXpCa7nz5j51UQRc0+umc0zdALDLQNKiB3kvk7UL9gh0mjhjkiVjXHqZT7cVsSTgITIJWtcdO8ZGHxQKJvkg7Saax8BuocPrhoZg9jb6o7cGdNcoLdqOlKkQ6Uj9PdGHQOte4JvO4ZF60huK/3n1BNtHjb4I4wR5yH4WtRNJMaLDjGhLKM5Q9gwBpoS5lbIuKGBokkybEJzJl6dJeb/g2AXn6iB7WhzHsUi2yQ7JEYccklNyQS5JiTDyQJ7IC3m1Hq1n6816/2lNWeOZLfIH1sc3R06cUQ==</latexit><latexit sha1_base64="Ixq8CDfE65jGqFHrD1YguFVfm04=">AAACFnicbVDLSgNBEJyN7/iKevQyGITkYNgVQUEEiR48KpoHySZL72SSDM4+nOkVQshXePFXvHhQxKt482+cxBw0saChqOqmu8uPpdBo219WamZ2bn5hcSm9vLK6tp7Z2CzrKFGMl1gkI1X1QXMpQl5CgZJXY8Uh8CWv+LdnQ79yz5UWUXiDvZg3AuiEoi0YoJG8zJ7bBaQ1D3J3eXpCa7nz5j51UQRc0+umc0zdALDLQNKiB3kvk7UL9gh0mjhjkiVjXHqZT7cVsSTgITIJWtcdO8ZGHxQKJvkg7Saax8BuocPrhoZg9jb6o7cGdNcoLdqOlKkQ6Uj9PdGHQOte4JvO4ZF60huK/3n1BNtHjb4I4wR5yH4WtRNJMaLDjGhLKM5Q9gwBpoS5lbIuKGBokkybEJzJl6dJeb/g2AXn6iB7WhzHsUi2yQ7JEYccklNyQS5JiTDyQJ7IC3m1Hq1n6816/2lNWeOZLfIH1sc3R06cUQ==</latexit><latexit sha1_base64="Ixq8CDfE65jGqFHrD1YguFVfm04=">AAACFnicbVDLSgNBEJyN7/iKevQyGITkYNgVQUEEiR48KpoHySZL72SSDM4+nOkVQshXePFXvHhQxKt482+cxBw0saChqOqmu8uPpdBo219WamZ2bn5hcSm9vLK6tp7Z2CzrKFGMl1gkI1X1QXMpQl5CgZJXY8Uh8CWv+LdnQ79yz5UWUXiDvZg3AuiEoi0YoJG8zJ7bBaQ1D3J3eXpCa7nz5j51UQRc0+umc0zdALDLQNKiB3kvk7UL9gh0mjhjkiVjXHqZT7cVsSTgITIJWtcdO8ZGHxQKJvkg7Saax8BuocPrhoZg9jb6o7cGdNcoLdqOlKkQ6Uj9PdGHQOte4JvO4ZF60huK/3n1BNtHjb4I4wR5yH4WtRNJMaLDjGhLKM5Q9gwBpoS5lbIuKGBokkybEJzJl6dJeb/g2AXn6iB7WhzHsUi2yQ7JEYccklNyQS5JiTDyQJ7IC3m1Hq1n6816/2lNWeOZLfIH1sc3R06cUQ==</latexit>

where a labels solutions:

Such functions are referred to as “homological blocks” because, e.g., of the integrality of 
coefficients in this index: 



PART II: MOCK, FALSE, AND QUANTUM

The Ẑa are conjectured to play a role as building blocks
in the following quantities:

<latexit sha1_base64="K/elLJ3qkOY+fgiFq+GMZZFibbQ="></latexit><latexit sha1_base64="K/elLJ3qkOY+fgiFq+GMZZFibbQ="></latexit><latexit sha1_base64="K/elLJ3qkOY+fgiFq+GMZZFibbQ="></latexit><latexit sha1_base64="K/elLJ3qkOY+fgiFq+GMZZFibbQ="></latexit>

The Chern Simons partition function (“WRT invariants”): 

And the superconformal Index:

Gukov,Putrov,Vafa ’16 

Gukov,Pei,Putrov,Vafa ‘17

ZT [M3](S
2 ⇥ S1) ⇠

X

a2{abelian}

Ẑa(q)Ẑa(1/q)

<latexit sha1_base64="NG/rRYARerHnshzS1OdwmCiIBIA="></latexit><latexit sha1_base64="NG/rRYARerHnshzS1OdwmCiIBIA="></latexit><latexit sha1_base64="NG/rRYARerHnshzS1OdwmCiIBIA="></latexit><latexit sha1_base64="NG/rRYARerHnshzS1OdwmCiIBIA="></latexit>

ZSU(2)k(M3) /
X

a,b2{abelian}

e2⇡ikCS(a)SabẐb(q)|
q!e

2⇡i
k

<latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="dKn9tfU9poFz3bFVyz+MH7Glgsk="></latexit><latexit sha1_base64="dKn9tfU9poFz3bFVyz+MH7Glgsk="></latexit><latexit sha1_base64="HZ42P1dGZy5AJSF6A780qCNEwmM="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit><latexit sha1_base64="7h7KdjVxVjmo9PcaRoWoo8LB6+w="></latexit>

after defining a continuation to outside the unit circle

for q approaching roots of unity



PART II: MOCK, FALSE, AND QUANTUM
There exists a localization-type contour integral formula combining 2d and 3d 
degrees of freedom:

➤ 3d theory trivial=>2d elliptic genus (modular)
➤ 3d theory non-trivial =>modular properties spoiled

Questions: 1. What are the modularity properties of Ẑa(q)?
<latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="UDGroH8HnbcqHupYSiQUD85CrS0=">AAACFXicbZA7SwNBFIXv+ozxFW1tBh+gTdi1iZ2CjaWCScQkhLuTu2ZwdmeduSuE4E+x8a/YWCiinf/GSUzh68DA4Zw7M9wvzrVyHIYfwdT0zOzcfGmhvLi0vLJaWVtqOFNYSXVptLEXMTrSKqM6K9Z0kVvCNNbUjK+PR33zlqxTJjvnQU6dFK8ylSiJ7KNupRZVRbOPLNCS4D6J1PQKjVbxQOTW5GRZkRMmEdvt0dhlF3dv9rYPu5WtsBqOJf6aaGK2YKLTbuW93TOySCljqdG5VhTm3Bmif19quiu3C0c5ymu8opa3GabkOsPxgndixyc9kRjrT8ZinH6/McTUuUEa+8kUue9+d6Pwv65VcHLQGaosL5gy+fVRUmjBRoxoiZ6yJFkPvEHpoSgpZB8tSvZMyx5C9Hvlv6axX43CanQWQgk2YBN2IYIaHMEJnEIdJNzDIzzDS/AQPAWvX7imggm3dfih4O0TIamgGg==</latexit><latexit sha1_base64="UDGroH8HnbcqHupYSiQUD85CrS0=">AAACFXicbZA7SwNBFIXv+ozxFW1tBh+gTdi1iZ2CjaWCScQkhLuTu2ZwdmeduSuE4E+x8a/YWCiinf/GSUzh68DA4Zw7M9wvzrVyHIYfwdT0zOzcfGmhvLi0vLJaWVtqOFNYSXVptLEXMTrSKqM6K9Z0kVvCNNbUjK+PR33zlqxTJjvnQU6dFK8ylSiJ7KNupRZVRbOPLNCS4D6J1PQKjVbxQOTW5GRZkRMmEdvt0dhlF3dv9rYPu5WtsBqOJf6aaGK2YKLTbuW93TOySCljqdG5VhTm3Bmif19quiu3C0c5ymu8opa3GabkOsPxgndixyc9kRjrT8ZinH6/McTUuUEa+8kUue9+d6Pwv65VcHLQGaosL5gy+fVRUmjBRoxoiZ6yJFkPvEHpoSgpZB8tSvZMyx5C9Hvlv6axX43CanQWQgk2YBN2IYIaHMEJnEIdJNzDIzzDS/AQPAWvX7imggm3dfih4O0TIamgGg==</latexit><latexit sha1_base64="3v6R2qj00L6l3Y5Qt36LhMwYJUQ=">AAACIHicbVA9TwJBFNzzE/ELtbTZCCbakDsb7CTaWGIiYgRC3i3vZOPe7bn7zoQQfoqNf8XGQmO001/jghQqTrLJZGbe27wJUyUt+f6HNzM7N7+wmFvKL6+srq0XNjYvrM6MwLrQSpvLECwqmWCdJCm8TA1CHCpshDcnI79xh8ZKnZxTP8V2DNeJjKQAclKnUAnKvNED4mCQUw95rLuZAiOpz1OjUzQk0XId8VJrFLvqwN7tfumoUyj6ZX8MPk2CCSmyCWqdwnurq0UWY0JCgbXNwE+pPQC3Xygc5luZxRTEDVxj09EEYrTtwfjAId91SpdH2riXEB+rPycGEFvbj0OXjIF69q83Ev/zmhlFh+2BTNKMMBHfH0WZ4qT5qC3elQYFqb4jIFwpUnDRAwOCXKd5V0Lw9+RpcnFQDvxycOYXq8eTOnJsm+2wPRawCquyU1ZjdSbYPXtkz+zFe/CevFfv7Ts6401mttgveJ9fDlGhoQ==</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit><latexit sha1_base64="R0px17h7xrgxGHM5/tbEsmPe8kQ=">AAACIHicbVC7TgMxEPTxDOEVoKSxCEjQRHdpoANBQwkSIRFJFO05e8TCdz7sPaQoyqfQ8Cs0FCAEHXwNzqOAhJEsjWZm19oJUyUt+f6XNzM7N7+wmFvKL6+srq0XNjavrc6MwIrQSptaCBaVTLBCkhTWUoMQhwqr4d3ZwK8+oLFSJ1fUTbEZw20iIymAnNQqHAYlXu0AcTDIqYM81u1MgZHU5anRKRqSaLmO+G5jELtpwf79we5xq1D0S/4QfJoEY1JkY1y0Cp+NthZZjAkJBdbWAz+lZg/cfqGwn29kFlMQd3CLdUcTiNE2e8MD+3zPKW0eaeNeQnyo/p7oQWxtNw5dMgbq2ElvIP7n1TOKjpo9maQZYSJGH0WZ4qT5oC3elgYFqa4jIFwpUnDRAQOCXKd5V0IwefI0uS6XAr8UXJaLJ6fjOnJsm+2wfRawQ3bCztkFqzDBHtkze2Vv3pP34r17H6PojDee2WJ/4H3/AA7xoaM=</latexit>

➤ In large class of examples (certain Seifert manifolds), we 
find “false theta functions” and mock modular forms 

2. How does it encode the physics?
<latexit sha1_base64="Ixuy1mfM11jChTnOjGKbZzym6qA=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSBYhd1YaGfQJmUE84AkhNnZm2TI7M4yc1cNSz7Exl+xsVDExkLwb5w8Ck08MHA4517O3OPHUhh03W8ns7K6tr6R3cxtbe/s7uX3D+pGJZpDjSupdNNnBqSIoIYCJTRjDSz0JTT84fXEb9yBNkJFtziKoROyfiR6gjO0Ujd/VirSirqngQJDBVKIuAqA4gBoG+EBpwmphmCcxoOREdyML7v5glt0p6DLxJuTApmj2s1/tgPFkxAi5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsjVgIppNOo8f0xCoB7SltX4R0qv7eSFlozCj07WTIcGAWvYn4n9dKsHfRSUUUJ2ivngX1EklR0UlTNBAaOMqRJYxrYf9K+YBpxtH2mbMleIsnL5N6qei5Re+mVChfzevIkiNyTE6JR85JmVRIldQIJ4/kmbySN+fJeXHenY/ZaMaZ7xySP3C+fgC/iaHZ</latexit><latexit sha1_base64="Ixuy1mfM11jChTnOjGKbZzym6qA=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSBYhd1YaGfQJmUE84AkhNnZm2TI7M4yc1cNSz7Exl+xsVDExkLwb5w8Ck08MHA4517O3OPHUhh03W8ns7K6tr6R3cxtbe/s7uX3D+pGJZpDjSupdNNnBqSIoIYCJTRjDSz0JTT84fXEb9yBNkJFtziKoROyfiR6gjO0Ujd/VirSirqngQJDBVKIuAqA4gBoG+EBpwmphmCcxoOREdyML7v5glt0p6DLxJuTApmj2s1/tgPFkxAi5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsjVgIppNOo8f0xCoB7SltX4R0qv7eSFlozCj07WTIcGAWvYn4n9dKsHfRSUUUJ2ivngX1EklR0UlTNBAaOMqRJYxrYf9K+YBpxtH2mbMleIsnL5N6qei5Re+mVChfzevIkiNyTE6JR85JmVRIldQIJ4/kmbySN+fJeXHenY/ZaMaZ7xySP3C+fgC/iaHZ</latexit><latexit sha1_base64="Ixuy1mfM11jChTnOjGKbZzym6qA=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSBYhd1YaGfQJmUE84AkhNnZm2TI7M4yc1cNSz7Exl+xsVDExkLwb5w8Ck08MHA4517O3OPHUhh03W8ns7K6tr6R3cxtbe/s7uX3D+pGJZpDjSupdNNnBqSIoIYCJTRjDSz0JTT84fXEb9yBNkJFtziKoROyfiR6gjO0Ujd/VirSirqngQJDBVKIuAqA4gBoG+EBpwmphmCcxoOREdyML7v5glt0p6DLxJuTApmj2s1/tgPFkxAi5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsjVgIppNOo8f0xCoB7SltX4R0qv7eSFlozCj07WTIcGAWvYn4n9dKsHfRSUUUJ2ivngX1EklR0UlTNBAaOMqRJYxrYf9K+YBpxtH2mbMleIsnL5N6qei5Re+mVChfzevIkiNyTE6JR85JmVRIldQIJ4/kmbySN+fJeXHenY/ZaMaZ7xySP3C+fgC/iaHZ</latexit><latexit sha1_base64="Ixuy1mfM11jChTnOjGKbZzym6qA=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSBYhd1YaGfQJmUE84AkhNnZm2TI7M4yc1cNSz7Exl+xsVDExkLwb5w8Ck08MHA4517O3OPHUhh03W8ns7K6tr6R3cxtbe/s7uX3D+pGJZpDjSupdNNnBqSIoIYCJTRjDSz0JTT84fXEb9yBNkJFtziKoROyfiR6gjO0Ujd/VirSirqngQJDBVKIuAqA4gBoG+EBpwmphmCcxoOREdyML7v5glt0p6DLxJuTApmj2s1/tgPFkxAi5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsjVgIppNOo8f0xCoB7SltX4R0qv7eSFlozCj07WTIcGAWvYn4n9dKsHfRSUUUJ2ivngX1EklR0UlTNBAaOMqRJYxrYf9K+YBpxtH2mbMleIsnL5N6qei5Re+mVChfzevIkiNyTE6JR85JmVRIldQIJ4/kmbySN+fJeXHenY/ZaMaZ7xySP3C+fgC/iaHZ</latexit>

3. How can we define Ẑa(q�1
)?

<latexit sha1_base64="ZzEyLjc4vx9l/vYlg7vDgo0Xg6Q=">AAACEXicbVA9TwJBEN3zE/ELtbTZiCZYSO6w0E6iDaUmokZAMrfMwYa9vXN3T0Iu/AUb/4qNhcbY2tn5b1yQQtGXTPLy3szuzPNjwbVx3U9nanpmdm4+s5BdXFpeWc2trV/oKFEMqywSkbryQaPgEquGG4FXsUIIfYGXfvdk6F/eodI8kuemH2MjhLbkAWdgrNTMFfaLtBL1KANJe0hbGNiH6Ha9A4ZeN6Fwe5PueYPd7aNmLu8W3RHoX+KNSZ6McdrMfdRbEUtClIYJ0LrmubFppKAMZwIH2XqiMQbWhTbWLJUQom6ko4sGdMcqLRpEypY0dKT+nEgh1Lof+rYzBNPRk95Q/M+rJSY4bKRcxolByb4/ChJBTUSH8dAWV8iM6FsCTHG7K2UdUMCMDTFrQ/AmT/5LLkpFzy16Z6V8+XgcR4Zski1SIB45IGVSIaekShi5J4/kmbw4D86T8+q8fbdOOeOZDfILzvsXKfGasQ==</latexit><latexit sha1_base64="ZzEyLjc4vx9l/vYlg7vDgo0Xg6Q=">AAACEXicbVA9TwJBEN3zE/ELtbTZiCZYSO6w0E6iDaUmokZAMrfMwYa9vXN3T0Iu/AUb/4qNhcbY2tn5b1yQQtGXTPLy3szuzPNjwbVx3U9nanpmdm4+s5BdXFpeWc2trV/oKFEMqywSkbryQaPgEquGG4FXsUIIfYGXfvdk6F/eodI8kuemH2MjhLbkAWdgrNTMFfaLtBL1KANJe0hbGNiH6Ha9A4ZeN6Fwe5PueYPd7aNmLu8W3RHoX+KNSZ6McdrMfdRbEUtClIYJ0LrmubFppKAMZwIH2XqiMQbWhTbWLJUQom6ko4sGdMcqLRpEypY0dKT+nEgh1Lof+rYzBNPRk95Q/M+rJSY4bKRcxolByb4/ChJBTUSH8dAWV8iM6FsCTHG7K2UdUMCMDTFrQ/AmT/5LLkpFzy16Z6V8+XgcR4Zski1SIB45IGVSIaekShi5J4/kmbw4D86T8+q8fbdOOeOZDfILzvsXKfGasQ==</latexit><latexit sha1_base64="ZzEyLjc4vx9l/vYlg7vDgo0Xg6Q=">AAACEXicbVA9TwJBEN3zE/ELtbTZiCZYSO6w0E6iDaUmokZAMrfMwYa9vXN3T0Iu/AUb/4qNhcbY2tn5b1yQQtGXTPLy3szuzPNjwbVx3U9nanpmdm4+s5BdXFpeWc2trV/oKFEMqywSkbryQaPgEquGG4FXsUIIfYGXfvdk6F/eodI8kuemH2MjhLbkAWdgrNTMFfaLtBL1KANJe0hbGNiH6Ha9A4ZeN6Fwe5PueYPd7aNmLu8W3RHoX+KNSZ6McdrMfdRbEUtClIYJ0LrmubFppKAMZwIH2XqiMQbWhTbWLJUQom6ko4sGdMcqLRpEypY0dKT+nEgh1Lof+rYzBNPRk95Q/M+rJSY4bKRcxolByb4/ChJBTUSH8dAWV8iM6FsCTHG7K2UdUMCMDTFrQ/AmT/5LLkpFzy16Z6V8+XgcR4Zski1SIB45IGVSIaekShi5J4/kmbw4D86T8+q8fbdOOeOZDfILzvsXKfGasQ==</latexit><latexit sha1_base64="ZzEyLjc4vx9l/vYlg7vDgo0Xg6Q=">AAACEXicbVA9TwJBEN3zE/ELtbTZiCZYSO6w0E6iDaUmokZAMrfMwYa9vXN3T0Iu/AUb/4qNhcbY2tn5b1yQQtGXTPLy3szuzPNjwbVx3U9nanpmdm4+s5BdXFpeWc2trV/oKFEMqywSkbryQaPgEquGG4FXsUIIfYGXfvdk6F/eodI8kuemH2MjhLbkAWdgrNTMFfaLtBL1KANJe0hbGNiH6Ha9A4ZeN6Fwe5PueYPd7aNmLu8W3RHoX+KNSZ6McdrMfdRbEUtClIYJ0LrmubFppKAMZwIH2XqiMQbWhTbWLJUQom6ko4sGdMcqLRpEypY0dKT+nEgh1Lof+rYzBNPRk95Q/M+rJSY4bKRcxolByb4/ChJBTUSH8dAWV8iM6FsCTHG7K2UdUMCMDTFrQ/AmT/5LLkpFzy16Z6V8+XgcR4Zski1SIB45IGVSIaekShi5J4/kmbw4D86T8+q8fbdOOeOZDfILzvsXKfGasQ==</latexit>
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where “v.p.” stand for principal value integration. This indeed agrees with the partition

function of T [M3] on D2 ⇥ S1, cf. (3.122),
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3.4 M3 = plumbed

Now we move to consider another very large class of 3-manifolds M3(�) associated to a

plumbing graph �. There are various ways to define M3 for a given �. One of them is

to say that M3 is obtained by a Dehn surgery on the corresponding link L(�) of unknots

(see Figure 5). For simplicity, we also assume that � is connected. Such class of 3-manifolds

contains Seifert fibrations over S2, which correspond to star-shaped plumbing graphs. Denote

by L the number of vertices of �. It is equal to the number of components of the link L(�).
We will also need L⇥ L linking matrix of L(�) which will be denoted by M :

Mv1,v2 =

8
><

>:

1, v1, v2 connected,

av, v1 = v2 = v,

0, otherwise.

vi 2 Vertices of � ⇠= {1, . . . , L}. (3.142)

Figure 5: An example of a plumbing graph � (left) and the corresponding link L(�) of framed unknots
in S3 (right). The associated 3-manifold M3(�) can be constructed by performing a Dehn surgery on
L(�).

The first homology group of M3(�) is given by the cokernel (over Z) of the linking matrix:

H1(M3,Z) ⇠= CokerM = ZL/MZL. (3.143)
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How to describe a 3-manifold?

Plumbing diagram:

Linking matrix:

Ẑa(q) ⇠ p.v.
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dzv
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“Modular properties” of false theta functions governs physics of nonabelian 
flat connections
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where for we have M3 = ⌃(2, 3, 7)
<latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit>

�3•

�2• •
�1

�7•
<latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit>

via Borel resummation

perturbativenon-perturbative



PART II: MOCK, FALSE, AND QUANTUM

F0(q) :=
1X

n=0

qn
2

(qn+1; q)n
= 1 + q + q3 + q4 + q5 + 2q7 + . . .

<latexit sha1_base64="kmIYZ8JPvOnNqui9UM3nmZE0xzE="></latexit><latexit sha1_base64="kmIYZ8JPvOnNqui9UM3nmZE0xzE="></latexit><latexit sha1_base64="kmIYZ8JPvOnNqui9UM3nmZE0xzE="></latexit><latexit sha1_base64="kmIYZ8JPvOnNqui9UM3nmZE0xzE="></latexit>

F ⇤
0 (q) = F0(1/q) =

1X

n=0

(�1)n
q

1
2n(n+1)

(qn+1; q)n
= 1� q � q5 + q10 � q11 + q18 + . . .

<latexit sha1_base64="XQyPfNNrsa9ZyHHGQq/E89lSqVE="></latexit><latexit sha1_base64="XQyPfNNrsa9ZyHHGQq/E89lSqVE="></latexit><latexit sha1_base64="XQyPfNNrsa9ZyHHGQq/E89lSqVE="></latexit><latexit sha1_base64="XQyPfNNrsa9ZyHHGQq/E89lSqVE="></latexit>

q $ q�1
<latexit sha1_base64="nlUiTCR/uoG5/nueejYqKdlAAQI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAIXgy7Iugx6MVjBPOAZA2zk9lkyOzMZqZXCUu8+CtePCji1b/w5t84eRw0saChqOqmuytMBDfged/OwuLS8spqbi2/vrG5te3u7FaNSjVlFaqE0vWQGCa4ZBXgIFg90YzEoWC1sHc18mv3TBuu5C0MEhbEpCN5xCkBK7Xc/T5uChaB5p0uEK3VA+7fZSf+sOUWvKI3Bp4n/pQU0BTllvvVbCuaxkwCFcSYhu8lEGREA6eCDfPN1LCE0B7psIalksTMBNn4gyE+skobR0rbkoDH6u+JjMTGDOLQdsYEumbWG4n/eY0Uoosg4zJJgUk6WRSlAoPCozhwm2tGQQwsIVRzeyumXaIJBRta3obgz748T6qnRd8r+jdnhdLlNI4cOkCH6Bj56ByV0DUqowqi6BE9o1f05jw5L8678zFpXXCmM3voD5zPH0TnlsE=</latexit><latexit sha1_base64="nlUiTCR/uoG5/nueejYqKdlAAQI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAIXgy7Iugx6MVjBPOAZA2zk9lkyOzMZqZXCUu8+CtePCji1b/w5t84eRw0saChqOqmuytMBDfged/OwuLS8spqbi2/vrG5te3u7FaNSjVlFaqE0vWQGCa4ZBXgIFg90YzEoWC1sHc18mv3TBuu5C0MEhbEpCN5xCkBK7Xc/T5uChaB5p0uEK3VA+7fZSf+sOUWvKI3Bp4n/pQU0BTllvvVbCuaxkwCFcSYhu8lEGREA6eCDfPN1LCE0B7psIalksTMBNn4gyE+skobR0rbkoDH6u+JjMTGDOLQdsYEumbWG4n/eY0Uoosg4zJJgUk6WRSlAoPCozhwm2tGQQwsIVRzeyumXaIJBRta3obgz748T6qnRd8r+jdnhdLlNI4cOkCH6Bj56ByV0DUqowqi6BE9o1f05jw5L8678zFpXXCmM3voD5zPH0TnlsE=</latexit><latexit sha1_base64="nlUiTCR/uoG5/nueejYqKdlAAQI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAIXgy7Iugx6MVjBPOAZA2zk9lkyOzMZqZXCUu8+CtePCji1b/w5t84eRw0saChqOqmuytMBDfged/OwuLS8spqbi2/vrG5te3u7FaNSjVlFaqE0vWQGCa4ZBXgIFg90YzEoWC1sHc18mv3TBuu5C0MEhbEpCN5xCkBK7Xc/T5uChaB5p0uEK3VA+7fZSf+sOUWvKI3Bp4n/pQU0BTllvvVbCuaxkwCFcSYhu8lEGREA6eCDfPN1LCE0B7psIalksTMBNn4gyE+skobR0rbkoDH6u+JjMTGDOLQdsYEumbWG4n/eY0Uoosg4zJJgUk6WRSlAoPCozhwm2tGQQwsIVRzeyumXaIJBRta3obgz748T6qnRd8r+jdnhdLlNI4cOkCH6Bj56ByV0DUqowqi6BE9o1f05jw5L8678zFpXXCmM3voD5zPH0TnlsE=</latexit><latexit sha1_base64="nlUiTCR/uoG5/nueejYqKdlAAQI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAIXgy7Iugx6MVjBPOAZA2zk9lkyOzMZqZXCUu8+CtePCji1b/w5t84eRw0saChqOqmuytMBDfged/OwuLS8spqbi2/vrG5te3u7FaNSjVlFaqE0vWQGCa4ZBXgIFg90YzEoWC1sHc18mv3TBuu5C0MEhbEpCN5xCkBK7Xc/T5uChaB5p0uEK3VA+7fZSf+sOUWvKI3Bp4n/pQU0BTllvvVbCuaxkwCFcSYhu8lEGREA6eCDfPN1LCE0B7psIalksTMBNn4gyE+skobR0rbkoDH6u+JjMTGDOLQdsYEumbWG4n/eY0Uoosg4zJJgUk6WRSlAoPCozhwm2tGQQwsIVRzeyumXaIJBRta3obgz748T6qnRd8r+jdnhdLlNI4cOkCH6Bj56ByV0DUqowqi6BE9o1f05jw5L8678zFpXXCmM3voD5zPH0TnlsE=</latexit>

MOCK

FALSE

M3 = ⌃(2, 3, 7)
<latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit>

�3•

�2• •
�1

�7•
<latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit>

Ẑ0(q
�1)

<latexit sha1_base64="m0qGx2WfFQnfe9Tw6CUWmqutMVo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahHiyJCHosevFYwX5gG8Nmu2mXbjZxd1Ioof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWV1b3yhulra2d3b37P2Dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDP1WyOmNI/lPYwT5kWkL3nIKQEj+bbdHRDAD75TeXrMztzJqW+XnaozA14mbk7KKEfdt7+6vZimEZNABdG64zoJeBlRwKlgk1I31SwhdEj6rGOoJBHTXja7fIJPjNLDYaxMScAz9fdERiKtx1FgOiMCA73oTcX/vE4K4ZWXcZmkwCSdLwpTgSHG0xhwjytGQYwNIVRxcyumA6IIBRNWyYTgLr68TJrnVdepuncX5dp1HkcRHaFjVEEuukQ1dIvqqIEoGqFn9IrerMx6sd6tj3lrwcpnDtEfWJ8/s2OSYw==</latexit><latexit sha1_base64="m0qGx2WfFQnfe9Tw6CUWmqutMVo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahHiyJCHosevFYwX5gG8Nmu2mXbjZxd1Ioof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWV1b3yhulra2d3b37P2Dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDP1WyOmNI/lPYwT5kWkL3nIKQEj+bbdHRDAD75TeXrMztzJqW+XnaozA14mbk7KKEfdt7+6vZimEZNABdG64zoJeBlRwKlgk1I31SwhdEj6rGOoJBHTXja7fIJPjNLDYaxMScAz9fdERiKtx1FgOiMCA73oTcX/vE4K4ZWXcZmkwCSdLwpTgSHG0xhwjytGQYwNIVRxcyumA6IIBRNWyYTgLr68TJrnVdepuncX5dp1HkcRHaFjVEEuukQ1dIvqqIEoGqFn9IrerMx6sd6tj3lrwcpnDtEfWJ8/s2OSYw==</latexit><latexit sha1_base64="m0qGx2WfFQnfe9Tw6CUWmqutMVo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahHiyJCHosevFYwX5gG8Nmu2mXbjZxd1Ioof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWV1b3yhulra2d3b37P2Dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDP1WyOmNI/lPYwT5kWkL3nIKQEj+bbdHRDAD75TeXrMztzJqW+XnaozA14mbk7KKEfdt7+6vZimEZNABdG64zoJeBlRwKlgk1I31SwhdEj6rGOoJBHTXja7fIJPjNLDYaxMScAz9fdERiKtx1FgOiMCA73oTcX/vE4K4ZWXcZmkwCSdLwpTgSHG0xhwjytGQYwNIVRxcyumA6IIBRNWyYTgLr68TJrnVdepuncX5dp1HkcRHaFjVEEuukQ1dIvqqIEoGqFn9IrerMx6sd6tj3lrwcpnDtEfWJ8/s2OSYw==</latexit><latexit sha1_base64="m0qGx2WfFQnfe9Tw6CUWmqutMVo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahHiyJCHosevFYwX5gG8Nmu2mXbjZxd1Ioof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWV1b3yhulra2d3b37P2Dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDP1WyOmNI/lPYwT5kWkL3nIKQEj+bbdHRDAD75TeXrMztzJqW+XnaozA14mbk7KKEfdt7+6vZimEZNABdG64zoJeBlRwKlgk1I31SwhdEj6rGOoJBHTXja7fIJPjNLDYaxMScAz9fdERiKtx1FgOiMCA73oTcX/vE4K4ZWXcZmkwCSdLwpTgSHG0xhwjytGQYwNIVRxcyumA6IIBRNWyYTgLr68TJrnVdepuncX5dp1HkcRHaFjVEEuukQ1dIvqqIEoGqFn9IrerMx6sd6tj3lrwcpnDtEfWJ8/s2OSYw==</latexit>

What about ?
Ramanujan’s order 7 mock theta function

= q�1/2Ẑ0(q)
<latexit sha1_base64="ajq1hlfPD45Ncz3RoU9kpiUkUQE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhHowzQdCLEPTiMYJZMBlDT6cnadKzpLtGiEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4bCa7Asr6NzMLi0vJKdjW3tr6xuWVu79RUGEvKqjQUoWy4RDHBA1YFDoI1IsmI7wpWd/tXY7/+wKTiYXALw4g5PukG3OOUgJba5t7F4D45tk9Ko1aPAL5rW4XBUdvMW0VrAjxP7JTkUYpK2/xqdUIa+ywAKohSTduKwEmIBE4FG+VasWIRoX3SZU1NA+Iz5SST60f4UCsd7IVSVwB4ov6eSIiv1NB3dadPoKdmvbH4n9eMwTt3Eh5EMbCAThd5scAQ4nEUuMMloyCGmhAqub4V0x6RhIIOLKdDsGdfnie1UtG2ivbNab58mcaRRfvoABWQjc5QGV2jCqoiih7RM3pFb8aT8WK8Gx/T1oyRzuyiPzA+fwD3UJOa</latexit><latexit sha1_base64="ajq1hlfPD45Ncz3RoU9kpiUkUQE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhHowzQdCLEPTiMYJZMBlDT6cnadKzpLtGiEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4bCa7Asr6NzMLi0vJKdjW3tr6xuWVu79RUGEvKqjQUoWy4RDHBA1YFDoI1IsmI7wpWd/tXY7/+wKTiYXALw4g5PukG3OOUgJba5t7F4D45tk9Ko1aPAL5rW4XBUdvMW0VrAjxP7JTkUYpK2/xqdUIa+ywAKohSTduKwEmIBE4FG+VasWIRoX3SZU1NA+Iz5SST60f4UCsd7IVSVwB4ov6eSIiv1NB3dadPoKdmvbH4n9eMwTt3Eh5EMbCAThd5scAQ4nEUuMMloyCGmhAqub4V0x6RhIIOLKdDsGdfnie1UtG2ivbNab58mcaRRfvoABWQjc5QGV2jCqoiih7RM3pFb8aT8WK8Gx/T1oyRzuyiPzA+fwD3UJOa</latexit><latexit sha1_base64="ajq1hlfPD45Ncz3RoU9kpiUkUQE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhHowzQdCLEPTiMYJZMBlDT6cnadKzpLtGiEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4bCa7Asr6NzMLi0vJKdjW3tr6xuWVu79RUGEvKqjQUoWy4RDHBA1YFDoI1IsmI7wpWd/tXY7/+wKTiYXALw4g5PukG3OOUgJba5t7F4D45tk9Ko1aPAL5rW4XBUdvMW0VrAjxP7JTkUYpK2/xqdUIa+ywAKohSTduKwEmIBE4FG+VasWIRoX3SZU1NA+Iz5SST60f4UCsd7IVSVwB4ov6eSIiv1NB3dadPoKdmvbH4n9eMwTt3Eh5EMbCAThd5scAQ4nEUuMMloyCGmhAqub4V0x6RhIIOLKdDsGdfnie1UtG2ivbNab58mcaRRfvoABWQjc5QGV2jCqoiih7RM3pFb8aT8WK8Gx/T1oyRzuyiPzA+fwD3UJOa</latexit><latexit sha1_base64="ajq1hlfPD45Ncz3RoU9kpiUkUQE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhHowzQdCLEPTiMYJZMBlDT6cnadKzpLtGiEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4bCa7Asr6NzMLi0vJKdjW3tr6xuWVu79RUGEvKqjQUoWy4RDHBA1YFDoI1IsmI7wpWd/tXY7/+wKTiYXALw4g5PukG3OOUgJba5t7F4D45tk9Ko1aPAL5rW4XBUdvMW0VrAjxP7JTkUYpK2/xqdUIa+ywAKohSTduKwEmIBE4FG+VasWIRoX3SZU1NA+Iz5SST60f4UCsd7IVSVwB4ov6eSIiv1NB3dadPoKdmvbH4n9eMwTt3Eh5EMbCAThd5scAQ4nEUuMMloyCGmhAqub4V0x6RhIIOLKdDsGdfnie1UtG2ivbNab58mcaRRfvoABWQjc5QGV2jCqoiih7RM3pFb8aT8WK8Gx/T1oyRzuyiPzA+fwD3UJOa</latexit>

Ẑ(q�1) = q
�83/168

H
42+6,14,21
1 (⌧)

<latexit sha1_base64="PGZnlFwzaqOk/wX51dtC/X/r6Co="></latexit><latexit sha1_base64="PGZnlFwzaqOk/wX51dtC/X/r6Co="></latexit><latexit sha1_base64="PGZnlFwzaqOk/wX51dtC/X/r6Co="></latexit><latexit sha1_base64="PGZnlFwzaqOk/wX51dtC/X/r6Co="></latexit>

“mock theta 
function”



PART II: MOCK, FALSE, AND QUANTUM

Definition. A quantum modular form is a function Q(x) on Q such that

p(x) := Q(x)�Q

✓
ax+ b

cx+ d

◆

extends to a function of R minus finitely many points and has some analyticity
or continuity property.

<latexit sha1_base64="9qeh7O3NHiHek0b5aStngSmYamI="></latexit><latexit sha1_base64="9qeh7O3NHiHek0b5aStngSmYamI="></latexit><latexit sha1_base64="9qeh7O3NHiHek0b5aStngSmYamI="></latexit><latexit sha1_base64="9qeh7O3NHiHek0b5aStngSmYamI="></latexit>

Quantum Modular Forms

(cx+ d)k
<latexit sha1_base64="6hX7mzbhwo1kBQG1Ltg2rMfM+to=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUhLIrgh6LXjxWsB/YriWbzbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+U8tUEdogkkvVDrCmnAnaMMxw2k4UxXHAaSsYXk/81iNVmklxZ0YJ9WPcFyxiBBsr3VfIEzpF4cnDsFcqu1V3CrRIvJyUIUe9V/rqhpKkMRWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LBY6p9rPpxWN0bJUQRVLZEgZN1d8TGY61HsWB7YyxGeh5byL+53VSE136GRNJaqggs0VRypGRaPI+CpmixPCRJZgoZm9FZIAVJsaGVLQhePMvL5LmWdVzq97tebl2lcdRgEM4ggp4cAE1uIE6NICAgGd4hTdHOy/Ou/Mxa11y8pkD+APn8we5u4+i</latexit><latexit sha1_base64="6hX7mzbhwo1kBQG1Ltg2rMfM+to=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUhLIrgh6LXjxWsB/YriWbzbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+U8tUEdogkkvVDrCmnAnaMMxw2k4UxXHAaSsYXk/81iNVmklxZ0YJ9WPcFyxiBBsr3VfIEzpF4cnDsFcqu1V3CrRIvJyUIUe9V/rqhpKkMRWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LBY6p9rPpxWN0bJUQRVLZEgZN1d8TGY61HsWB7YyxGeh5byL+53VSE136GRNJaqggs0VRypGRaPI+CpmixPCRJZgoZm9FZIAVJsaGVLQhePMvL5LmWdVzq97tebl2lcdRgEM4ggp4cAE1uIE6NICAgGd4hTdHOy/Ou/Mxa11y8pkD+APn8we5u4+i</latexit><latexit sha1_base64="6hX7mzbhwo1kBQG1Ltg2rMfM+to=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUhLIrgh6LXjxWsB/YriWbzbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+U8tUEdogkkvVDrCmnAnaMMxw2k4UxXHAaSsYXk/81iNVmklxZ0YJ9WPcFyxiBBsr3VfIEzpF4cnDsFcqu1V3CrRIvJyUIUe9V/rqhpKkMRWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LBY6p9rPpxWN0bJUQRVLZEgZN1d8TGY61HsWB7YyxGeh5byL+53VSE136GRNJaqggs0VRypGRaPI+CpmixPCRJZgoZm9FZIAVJsaGVLQhePMvL5LmWdVzq97tebl2lcdRgEM4ggp4cAE1uIE6NICAgGd4hTdHOy/Ou/Mxa11y8pkD+APn8we5u4+i</latexit><latexit sha1_base64="6hX7mzbhwo1kBQG1Ltg2rMfM+to=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUhLIrgh6LXjxWsB/YriWbzbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+U8tUEdogkkvVDrCmnAnaMMxw2k4UxXHAaSsYXk/81iNVmklxZ0YJ9WPcFyxiBBsr3VfIEzpF4cnDsFcqu1V3CrRIvJyUIUe9V/rqhpKkMRWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LBY6p9rPpxWN0bJUQRVLZEgZN1d8TGY61HsWB7YyxGeh5byL+53VSE136GRNJaqggs0VRypGRaPI+CpmixPCRJZgoZm9FZIAVJsaGVLQhePMvL5LmWdVzq97tebl2lcdRgEM4ggp4cAE1uIE6NICAgGd4hTdHOy/Ou/Mxa11y8pkD+APn8we5u4+i</latexit>
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x Ẑ0(q)

<latexit sha1_base64="fBQAZyiTooBh2aEdcOzn648KyLg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPTUDbbTbt0s4m7E6GU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gqHN1O/9cS1EYm6x1HKg5j2lYgEo2glvzOgSB66buXxrFsqu1V3BrJMvJyUIUe9W/rq9BKWxVwhk9QY33NTDMZUo2CST4qdzPCUsiHtc99SRWNugvHs5Ak5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+5/kZRlfBWKg0Q67YfFGUSYIJmf5PekJzhnJkCWVa2FsJG1BNGdqUijYEb/HlZdI8r3pu1bu7KNeu8zgKcAwnUAEPLqEGt1CHBjBI4Ble4c1B58V5dz7mrStOPnMEf+B8/gDYSJBM</latexit><latexit sha1_base64="fBQAZyiTooBh2aEdcOzn648KyLg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPTUDbbTbt0s4m7E6GU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gqHN1O/9cS1EYm6x1HKg5j2lYgEo2glvzOgSB66buXxrFsqu1V3BrJMvJyUIUe9W/rq9BKWxVwhk9QY33NTDMZUo2CST4qdzPCUsiHtc99SRWNugvHs5Ak5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+5/kZRlfBWKg0Q67YfFGUSYIJmf5PekJzhnJkCWVa2FsJG1BNGdqUijYEb/HlZdI8r3pu1bu7KNeu8zgKcAwnUAEPLqEGt1CHBjBI4Ble4c1B58V5dz7mrStOPnMEf+B8/gDYSJBM</latexit><latexit sha1_base64="fBQAZyiTooBh2aEdcOzn648KyLg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPTUDbbTbt0s4m7E6GU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gqHN1O/9cS1EYm6x1HKg5j2lYgEo2glvzOgSB66buXxrFsqu1V3BrJMvJyUIUe9W/rq9BKWxVwhk9QY33NTDMZUo2CST4qdzPCUsiHtc99SRWNugvHs5Ak5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+5/kZRlfBWKg0Q67YfFGUSYIJmf5PekJzhnJkCWVa2FsJG1BNGdqUijYEb/HlZdI8r3pu1bu7KNeu8zgKcAwnUAEPLqEGt1CHBjBI4Ble4c1B58V5dz7mrStOPnMEf+B8/gDYSJBM</latexit><latexit sha1_base64="fBQAZyiTooBh2aEdcOzn648KyLg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPTUDbbTbt0s4m7E6GU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gqHN1O/9cS1EYm6x1HKg5j2lYgEo2glvzOgSB66buXxrFsqu1V3BrJMvJyUIUe9W/rq9BKWxVwhk9QY33NTDMZUo2CST4qdzPCUsiHtc99SRWNugvHs5Ak5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+5/kZRlfBWKg0Q67YfFGUSYIJmf5PekJzhnJkCWVa2FsJG1BNGdqUijYEb/HlZdI8r3pu1bu7KNeu8zgKcAwnUAEPLqEGt1CHBjBI4Ble4c1B58V5dz7mrStOPnMEf+B8/gDYSJBM</latexit>

q ! e2⇡ir/n
<latexit sha1_base64="gBke5oZatKBHvQVglwHy4Jj2UiU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJMi6LHoxWMF+wFNLJvtpF262cTdjRBC/StePCji1R/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7t6+fXDYVnEqKbRozGPZDYgCzgS0NNMcuokEEgUcOsH4eup3HkEqFos7nSXgR2QoWMgo0Ubq25UHT8cY7vO6lzDMsDwTk75ddWrODHiZuAWpogLNvv3lDWKaRiA05USpnusk2s+J1IxymJS9VEFC6JgMoWeoIBEoP58dP8EnRhngMJamhMYz9fdETiKlsigwnRHRI7XoTcX/vF6qw0s/ZyJJNQg6XxSmHJt/p0ngAZNANc8MIVQycyumIyIJ1SavsgnBXXx5mbTrNdepubfn1cZVEUcJHaFjdIpcdIEa6AY1UQtRlKFn9IrerCfrxXq3PuatK1YxU0F/YH3+AJmOlBM=</latexit><latexit sha1_base64="gBke5oZatKBHvQVglwHy4Jj2UiU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJMi6LHoxWMF+wFNLJvtpF262cTdjRBC/StePCji1R/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7t6+fXDYVnEqKbRozGPZDYgCzgS0NNMcuokEEgUcOsH4eup3HkEqFos7nSXgR2QoWMgo0Ubq25UHT8cY7vO6lzDMsDwTk75ddWrODHiZuAWpogLNvv3lDWKaRiA05USpnusk2s+J1IxymJS9VEFC6JgMoWeoIBEoP58dP8EnRhngMJamhMYz9fdETiKlsigwnRHRI7XoTcX/vF6qw0s/ZyJJNQg6XxSmHJt/p0ngAZNANc8MIVQycyumIyIJ1SavsgnBXXx5mbTrNdepubfn1cZVEUcJHaFjdIpcdIEa6AY1UQtRlKFn9IrerCfrxXq3PuatK1YxU0F/YH3+AJmOlBM=</latexit><latexit sha1_base64="gBke5oZatKBHvQVglwHy4Jj2UiU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJMi6LHoxWMF+wFNLJvtpF262cTdjRBC/StePCji1R/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7t6+fXDYVnEqKbRozGPZDYgCzgS0NNMcuokEEgUcOsH4eup3HkEqFos7nSXgR2QoWMgo0Ubq25UHT8cY7vO6lzDMsDwTk75ddWrODHiZuAWpogLNvv3lDWKaRiA05USpnusk2s+J1IxymJS9VEFC6JgMoWeoIBEoP58dP8EnRhngMJamhMYz9fdETiKlsigwnRHRI7XoTcX/vF6qw0s/ZyJJNQg6XxSmHJt/p0ngAZNANc8MIVQycyumIyIJ1SavsgnBXXx5mbTrNdepubfn1cZVEUcJHaFjdIpcdIEa6AY1UQtRlKFn9IrerCfrxXq3PuatK1YxU0F/YH3+AJmOlBM=</latexit><latexit sha1_base64="gBke5oZatKBHvQVglwHy4Jj2UiU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJMi6LHoxWMF+wFNLJvtpF262cTdjRBC/StePCji1R/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7t6+fXDYVnEqKbRozGPZDYgCzgS0NNMcuokEEgUcOsH4eup3HkEqFos7nSXgR2QoWMgo0Ubq25UHT8cY7vO6lzDMsDwTk75ddWrODHiZuAWpogLNvv3lDWKaRiA05USpnusk2s+J1IxymJS9VEFC6JgMoWeoIBEoP58dP8EnRhngMJamhMYz9fdETiKlsigwnRHRI7XoTcX/vF6qw0s/ZyJJNQg6XxSmHJt/p0ngAZNANc8MIVQycyumIyIJ1SavsgnBXXx5mbTrNdepubfn1cZVEUcJHaFjdIpcdIEa6AY1UQtRlKFn9IrerCfrxXq3PuatK1YxU0F/YH3+AJmOlBM=</latexit>

captures values of 
CS partition 

function (WRT 
invariants)



PART II: MOCK, FALSE, AND QUANTUM

Both FALSE and MOCK give rise to quantum modular forms

Q(x) := lim
t!0+

 42+6,14,21
1 (x+ it)

<latexit sha1_base64="/0enf9IlqTlVphyKolAWm7NVG1o=">AAACGHicbVDLSgMxFM34rPU16tJNsAgtlTopRUUQim5cVrAP6LRDJk3bYOZBckcsQz/Djb/ixoUibt35N6a1C18HAodz7uXmHD+WQoPjfFhz8wuLS8uZlezq2vrGpr213dBRohivs0hGquVTzaUIeR0ESN6KFaeBL3nTv7mY+M1brrSIwmsYxbwT0EEo+oJRMJJnH17l7wqnZ9iVIvBScCHCTrc4dmtadNNKuXh0QCoHZTL2SP6uKKDg2Tmn5EyB/xIyIzk0Q82z391exJKAh8Ak1bpNnBg6KVUgmOTjrJtoHlN2Qwe8bWhIA6476TTYGO8bpYf7kTIvBDxVv2+kNNB6FPhmMqAw1L+9ifif106gf9JJRRgnwEP2daifSGziT1rCPaE4AzkyhDIlzF8xG1JFGZgus6YE8jvyX9Iol4hTIleVXPV8VkcG7aI9lEcEHaMqukQ1VEcM3aNH9IxerAfryXq13r5G56zZzg76Aev9E2jXnNk=</latexit><latexit sha1_base64="/0enf9IlqTlVphyKolAWm7NVG1o=">AAACGHicbVDLSgMxFM34rPU16tJNsAgtlTopRUUQim5cVrAP6LRDJk3bYOZBckcsQz/Djb/ixoUibt35N6a1C18HAodz7uXmHD+WQoPjfFhz8wuLS8uZlezq2vrGpr213dBRohivs0hGquVTzaUIeR0ESN6KFaeBL3nTv7mY+M1brrSIwmsYxbwT0EEo+oJRMJJnH17l7wqnZ9iVIvBScCHCTrc4dmtadNNKuXh0QCoHZTL2SP6uKKDg2Tmn5EyB/xIyIzk0Q82z391exJKAh8Ak1bpNnBg6KVUgmOTjrJtoHlN2Qwe8bWhIA6476TTYGO8bpYf7kTIvBDxVv2+kNNB6FPhmMqAw1L+9ifif106gf9JJRRgnwEP2daifSGziT1rCPaE4AzkyhDIlzF8xG1JFGZgus6YE8jvyX9Iol4hTIleVXPV8VkcG7aI9lEcEHaMqukQ1VEcM3aNH9IxerAfryXq13r5G56zZzg76Aev9E2jXnNk=</latexit><latexit sha1_base64="/0enf9IlqTlVphyKolAWm7NVG1o=">AAACGHicbVDLSgMxFM34rPU16tJNsAgtlTopRUUQim5cVrAP6LRDJk3bYOZBckcsQz/Djb/ixoUibt35N6a1C18HAodz7uXmHD+WQoPjfFhz8wuLS8uZlezq2vrGpr213dBRohivs0hGquVTzaUIeR0ESN6KFaeBL3nTv7mY+M1brrSIwmsYxbwT0EEo+oJRMJJnH17l7wqnZ9iVIvBScCHCTrc4dmtadNNKuXh0QCoHZTL2SP6uKKDg2Tmn5EyB/xIyIzk0Q82z391exJKAh8Ak1bpNnBg6KVUgmOTjrJtoHlN2Qwe8bWhIA6476TTYGO8bpYf7kTIvBDxVv2+kNNB6FPhmMqAw1L+9ifif106gf9JJRRgnwEP2daifSGziT1rCPaE4AzkyhDIlzF8xG1JFGZgus6YE8jvyX9Iol4hTIleVXPV8VkcG7aI9lEcEHaMqukQ1VEcM3aNH9IxerAfryXq13r5G56zZzg76Aev9E2jXnNk=</latexit><latexit sha1_base64="/0enf9IlqTlVphyKolAWm7NVG1o=">AAACGHicbVDLSgMxFM34rPU16tJNsAgtlTopRUUQim5cVrAP6LRDJk3bYOZBckcsQz/Djb/ixoUibt35N6a1C18HAodz7uXmHD+WQoPjfFhz8wuLS8uZlezq2vrGpr213dBRohivs0hGquVTzaUIeR0ESN6KFaeBL3nTv7mY+M1brrSIwmsYxbwT0EEo+oJRMJJnH17l7wqnZ9iVIvBScCHCTrc4dmtadNNKuXh0QCoHZTL2SP6uKKDg2Tmn5EyB/xIyIzk0Q82z391exJKAh8Ak1bpNnBg6KVUgmOTjrJtoHlN2Qwe8bWhIA6476TTYGO8bpYf7kTIvBDxVv2+kNNB6FPhmMqAw1L+9ifif106gf9JJRRgnwEP2daifSGziT1rCPaE4AzkyhDIlzF8xG1JFGZgus6YE8jvyX9Iol4hTIleVXPV8VkcG7aI9lEcEHaMqukQ1VEcM3aNH9IxerAfryXq13r5G56zZzg76Aev9E2jXnNk=</latexit>

1.

For more complicated 3-manifolds, one may not see false/mock structure, but 
we expect the structure of the quantum modular form to survive

M3 = ⌃(2, 3, 7)
<latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit><latexit sha1_base64="Vk9/O9/B8fExut8euPENVm1aZMs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDLTCnUjFN24ESraB7TDkEnTNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp64MLhnHu5954gYlRpx/m2VlbX1jc2M1vZ7Z3dvX07d9BUYSwxaeCQhbIdIEUYFaShqWakHUmCeMBIKxhdTf3WA5GKhuJejyPicTQQtE8x0kby7dyNX7no3tEBR4VysVKsnvp23ik5M8Bl4qYkD1LUffur2wtxzInQmCGlOq4TaS9BUlPMyCTbjRWJEB6hAekYKhAnyktmp0/giVF6sB9KU0LDmfp7IkFcqTEPTCdHeqgWvan4n9eJdf/cS6iIYk0Eni/qxwzqEE5zgD0qCdZsbAjCkppbIR4iibA2aWVNCO7iy8ukWS65Tsm9PcvXLtM4MuAIHIMCcEEV1MA1qIMGwOARPINX8GY9WS/Wu/Uxb12x0plD8AfW5w85eZID</latexit>

�3•

�2• •
�1

�7•
<latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit><latexit sha1_base64="siJ6gNbhU0JvLruze6V372nhzvU="></latexit>

2. Q(x) := lim
t!0+

g⇤(x� it)
<latexit sha1_base64="QL4yg3yHcllXcP7finYug5qxATM=">AAACCHicbVDLSgMxFM34rPU16tKFwSK0imVGBEUQim5ctmAf0BeZNNOGZh4kd6Rl6NKNv+LGhSJu/QR3/o1pOwttPRA4nHMvN+c4oeAKLOvbWFhcWl5ZTa2l1zc2t7bNnd2KCiJJWZkGIpA1hygmuM/KwEGwWigZ8RzBqk7/duxXH5hUPPDvYRiypke6Pnc5JaCltnlQyg5yV9e4IbjXjqEBAbZaJ6Nu6zg7OOWQa5sZK29NgOeJnZAMSlBsm1+NTkAjj/lABVGqblshNGMigVPBRulGpFhIaJ90WV1Tn3hMNeNJkBE+0koHu4HUzwc8UX9vxMRTaug5etIj0FOz3lj8z6tH4F42Y+6HETCfTg+5kcA67rgV3OGSURBDTQiVXP8V0x6RhILuLq1LsGcjz5PKWd628nbpPFO4SepIoX10iLLIRheogO5QEZURRY/oGb2iN+PJeDHejY/p6IKR7OyhPzA+fwCrVJfV</latexit><latexit sha1_base64="QL4yg3yHcllXcP7finYug5qxATM=">AAACCHicbVDLSgMxFM34rPU16tKFwSK0imVGBEUQim5ctmAf0BeZNNOGZh4kd6Rl6NKNv+LGhSJu/QR3/o1pOwttPRA4nHMvN+c4oeAKLOvbWFhcWl5ZTa2l1zc2t7bNnd2KCiJJWZkGIpA1hygmuM/KwEGwWigZ8RzBqk7/duxXH5hUPPDvYRiypke6Pnc5JaCltnlQyg5yV9e4IbjXjqEBAbZaJ6Nu6zg7OOWQa5sZK29NgOeJnZAMSlBsm1+NTkAjj/lABVGqblshNGMigVPBRulGpFhIaJ90WV1Tn3hMNeNJkBE+0koHu4HUzwc8UX9vxMRTaug5etIj0FOz3lj8z6tH4F42Y+6HETCfTg+5kcA67rgV3OGSURBDTQiVXP8V0x6RhILuLq1LsGcjz5PKWd628nbpPFO4SepIoX10iLLIRheogO5QEZURRY/oGb2iN+PJeDHejY/p6IKR7OyhPzA+fwCrVJfV</latexit><latexit sha1_base64="QL4yg3yHcllXcP7finYug5qxATM=">AAACCHicbVDLSgMxFM34rPU16tKFwSK0imVGBEUQim5ctmAf0BeZNNOGZh4kd6Rl6NKNv+LGhSJu/QR3/o1pOwttPRA4nHMvN+c4oeAKLOvbWFhcWl5ZTa2l1zc2t7bNnd2KCiJJWZkGIpA1hygmuM/KwEGwWigZ8RzBqk7/duxXH5hUPPDvYRiypke6Pnc5JaCltnlQyg5yV9e4IbjXjqEBAbZaJ6Nu6zg7OOWQa5sZK29NgOeJnZAMSlBsm1+NTkAjj/lABVGqblshNGMigVPBRulGpFhIaJ90WV1Tn3hMNeNJkBE+0koHu4HUzwc8UX9vxMRTaug5etIj0FOz3lj8z6tH4F42Y+6HETCfTg+5kcA67rgV3OGSURBDTQiVXP8V0x6RhILuLq1LsGcjz5PKWd628nbpPFO4SepIoX10iLLIRheogO5QEZURRY/oGb2iN+PJeDHejY/p6IKR7OyhPzA+fwCrVJfV</latexit><latexit sha1_base64="QL4yg3yHcllXcP7finYug5qxATM=">AAACCHicbVDLSgMxFM34rPU16tKFwSK0imVGBEUQim5ctmAf0BeZNNOGZh4kd6Rl6NKNv+LGhSJu/QR3/o1pOwttPRA4nHMvN+c4oeAKLOvbWFhcWl5ZTa2l1zc2t7bNnd2KCiJJWZkGIpA1hygmuM/KwEGwWigZ8RzBqk7/duxXH5hUPPDvYRiypke6Pnc5JaCltnlQyg5yV9e4IbjXjqEBAbZaJ6Nu6zg7OOWQa5sZK29NgOeJnZAMSlBsm1+NTkAjj/lABVGqblshNGMigVPBRulGpFhIaJ90WV1Tn3hMNeNJkBE+0koHu4HUzwc8UX9vxMRTaug5etIj0FOz3lj8z6tH4F42Y+6HETCfTg+5kcA67rgV3OGSURBDTQiVXP8V0x6RhILuLq1LsGcjz5PKWd628nbpPFO4SepIoX10iLLIRheogO5QEZURRY/oGb2iN+PJeDHejY/p6IKR7OyhPzA+fwCrVJfV</latexit>

Ĥ := H
42+6,14,21
1 + g

⇤
<latexit sha1_base64="zGZ0CJVovicgLCiadf/XNE1qiWA=">AAACB3icbVDLSgMxFM34rPU16lKQYBHEljIpRUUQim66rGAf0E6HTJppQzMPkoxQhu7c+CtuXCji1l9w59+YtrPQ1gMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7DRnGgtA6CXkoWi6WlLOA1hVTnLYiQbHvctp0h7cTv/lAhWRhcK9GEbV93A+YxwhWWnLMo84AK1i9uq52k3Ipf15A5UIJjR0E87DfPXPMnFW0poCLBKUkB1LUHPOr0wtJ7NNAEY6lbCMrUnaChWKE03G2E0saYTLEfdrWNMA+lXYy/WMMT7TSg14odAUKTtXfEwn2pRz5ru70sRrIeW8i/ue1Y+Vd2gkLoljRgMwWeTGHKoSTUGCPCUoUH2mCiWD6VkgGWGCidHRZHQKaf3mRNEpFZBXRXTlXuUnjyIBDcAxOAQIXoAKqoAbqgIBH8AxewZvxZLwY78bHrHXJSGcOwB8Ynz9Qt5W+</latexit><latexit sha1_base64="zGZ0CJVovicgLCiadf/XNE1qiWA=">AAACB3icbVDLSgMxFM34rPU16lKQYBHEljIpRUUQim66rGAf0E6HTJppQzMPkoxQhu7c+CtuXCji1l9w59+YtrPQ1gMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7DRnGgtA6CXkoWi6WlLOA1hVTnLYiQbHvctp0h7cTv/lAhWRhcK9GEbV93A+YxwhWWnLMo84AK1i9uq52k3Ipf15A5UIJjR0E87DfPXPMnFW0poCLBKUkB1LUHPOr0wtJ7NNAEY6lbCMrUnaChWKE03G2E0saYTLEfdrWNMA+lXYy/WMMT7TSg14odAUKTtXfEwn2pRz5ru70sRrIeW8i/ue1Y+Vd2gkLoljRgMwWeTGHKoSTUGCPCUoUH2mCiWD6VkgGWGCidHRZHQKaf3mRNEpFZBXRXTlXuUnjyIBDcAxOAQIXoAKqoAbqgIBH8AxewZvxZLwY78bHrHXJSGcOwB8Ynz9Qt5W+</latexit><latexit sha1_base64="zGZ0CJVovicgLCiadf/XNE1qiWA=">AAACB3icbVDLSgMxFM34rPU16lKQYBHEljIpRUUQim66rGAf0E6HTJppQzMPkoxQhu7c+CtuXCji1l9w59+YtrPQ1gMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7DRnGgtA6CXkoWi6WlLOA1hVTnLYiQbHvctp0h7cTv/lAhWRhcK9GEbV93A+YxwhWWnLMo84AK1i9uq52k3Ipf15A5UIJjR0E87DfPXPMnFW0poCLBKUkB1LUHPOr0wtJ7NNAEY6lbCMrUnaChWKE03G2E0saYTLEfdrWNMA+lXYy/WMMT7TSg14odAUKTtXfEwn2pRz5ru70sRrIeW8i/ue1Y+Vd2gkLoljRgMwWeTGHKoSTUGCPCUoUH2mCiWD6VkgGWGCidHRZHQKaf3mRNEpFZBXRXTlXuUnjyIBDcAxOAQIXoAKqoAbqgIBH8AxewZvxZLwY78bHrHXJSGcOwB8Ynz9Qt5W+</latexit><latexit sha1_base64="zGZ0CJVovicgLCiadf/XNE1qiWA=">AAACB3icbVDLSgMxFM34rPU16lKQYBHEljIpRUUQim66rGAf0E6HTJppQzMPkoxQhu7c+CtuXCji1l9w59+YtrPQ1gMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7DRnGgtA6CXkoWi6WlLOA1hVTnLYiQbHvctp0h7cTv/lAhWRhcK9GEbV93A+YxwhWWnLMo84AK1i9uq52k3Ipf15A5UIJjR0E87DfPXPMnFW0poCLBKUkB1LUHPOr0wtJ7NNAEY6lbCMrUnaChWKE03G2E0saYTLEfdrWNMA+lXYy/WMMT7TSg14odAUKTtXfEwn2pRz5ru70sRrIeW8i/ue1Y+Vd2gkLoljRgMwWeTGHKoSTUGCPCUoUH2mCiWD6VkgGWGCidHRZHQKaf3mRNEpFZBXRXTlXuUnjyIBDcAxOAQIXoAKqoAbqgIBH8AxewZvxZLwY78bHrHXJSGcOwB8Ynz9Qt5W+</latexit>

where

is modular

⇠
x=0

2t+
1091

84
t2 +

3902137

28224
t3 +

29292761483

14224896
t4 + . . .

<latexit sha1_base64="Xe6uodGf4WsAGo85VehmVcMD+z4="></latexit><latexit sha1_base64="Xe6uodGf4WsAGo85VehmVcMD+z4="></latexit><latexit sha1_base64="Xe6uodGf4WsAGo85VehmVcMD+z4="></latexit><latexit sha1_base64="Xe6uodGf4WsAGo85VehmVcMD+z4="></latexit>

⇠
x=0

�2t+
1091

84
t2 � 3902137

28224
t3 +

29292761483

14224896
t4 + . . .

<latexit sha1_base64="V+fNDBgW2IUweZMzW+4KAm2farM="></latexit><latexit sha1_base64="V+fNDBgW2IUweZMzW+4KAm2farM="></latexit><latexit sha1_base64="V+fNDBgW2IUweZMzW+4KAm2farM="></latexit><latexit sha1_base64="V+fNDBgW2IUweZMzW+4KAm2farM="></latexit>
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PART II: MOCK, FALSE, AND QUANTUM
Summary:

➤ For many theories, “false theta functions” are the natural number theoretic objects 
appearing in the half-index  

➤ In many cases they can be continued to the lower half plane to obtain mock modular 
forms 

➤ Quantum modular forms capture the value of the Chern Simons path integral at rational 
points, and we expect these objects to play a role more generally

Many open questions, including:

➤ Relation between modularity and resurgence 

➤  Appearance of many mock modular forms from umbral moonshine 

➤ Interpretation of the Rademacher expansion for false and mock theta functions 



THANK YOU!
ありがとうございました


