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Weak Cosmic Censorship

Weak Cosmic Censorship - 1/2:

Weak cosmic censorship (Penrose 69 - page 1162 and 1164):

“. . . forbids the appearance of naked singularities, clothing each
one in an absolute event horizon.”
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one in an absolute event horizon.”

“When curvatures are fantastically large - as they surely are at
a singularity - the local physics will be drastically altered. Can
one be sure that the asymmetries of local interactions will not

have the effect of being drastically magnified?”

Weak cosmic censorship (executive summary):

Is it possible to form a region of arbitrarily large curvature that
is visible to distant observers?
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Weak Cosmic Censorship

Weak Cosmic Censorship - 2/2:

Weak cosmic censorship (Geroch and Horowitz 79):

Let (Σ, hab,Kab) be a geodesically complete, asymptotically flat,
initial data set. Let the matter fields obey second order quasi-
linear hyperbolic equations and satisfy the dominant energy
condition. Then, generically, the maximal development of this
initial data is an asymptotically flat spacetime (in particular I+ is
complete) that is strongly asymptotically predictable.
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Let (Σ, hab,Kab) be a geodesically complete, asymptotically flat,
initial data set. Let the matter fields obey second order quasi-
linear hyperbolic equations and satisfy the dominant energy
condition. Then, generically, the maximal development of this
initial data is an asymptotically flat spacetime (in particular I+ is
complete) that is strongly asymptotically predictable.

Claims to fame - Gregory Laflamme type - d ≥ 5:

Lehner, Pretorius ’10 - Black String

Figueras, Kunesch, and Tunyasuvunakool ’16 - Black Rings

Figueras, Kunesch, Lehner, and Tunyasuvunakool ’17 - Myers-Perry
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What is AdS?

Asymptotically locally
AdS spacetimes
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What is AdS?

Anti-de Sitter spacetime - 1/4

Anti-de Sitter space is a maximally symmetric solution to

Rab = −d− 1

L2
gab

which in global coordinates can be expressed as

ds2 = −
(
r2

L2
+ 1

)
dτ2 +

dr2

r2

L2
+ 1

+ r2dΩ2
d−2.

The Poincaré coordinates

ds2 =
L2

z2

−dt2 + dx · dx︸ ︷︷ ︸
(d−2)−coordinates

+dz2


do not cover the entire spacetime.
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What is AdS?

Anti-de Sitter spacetime - 2/4

Conformally, AdS looks like the interior of a cylinder

Poincaré coordinates cover brown region.

This is the region of interest in this talk.

We will focus d = 4 bulk dimensions.

We are interested in spacetimes that are
asymptotically locally AdS:

ds2 =
L2

z2
[

+ z ds21 + z2 ds22 +O(z3)
]
,

where z = 0 is the location of the ∂ and is the
conformal boundary metric.

Examples:
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Conformally, AdS looks like the interior of a cylinder

Poincaré coordinates cover brown region.

This is the region of interest in this talk.

We will focus d = 4 bulk dimensions.

We are interested in spacetimes that are
asymptotically locally AdS:

ds2 =
L2

z2
[
ds2∂ + z ds21 + z2 ds22 +O(z3)

]
,

where z = 0 is the location of the ∂ and ds2∂ is
the conformal boundary metric.

Examples:

ds2∂ = −
(

1− 1

2
e−x

2
1−x

2
2

)
dt2 + dx21 + dx22 .
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Connecting the weak gravity conjecture to the weak cosmic censorship

What is AdS?

Anti-de Sitter spacetime - 3/4

Initial value problem in AdS:

The conformal boundary B is a timelike boundary: need to pre-
scribed boundary conditions there.

What is the minimal data to prescribe at
B?

We are interested in solving the Einstein
equation (possibly coupled to matter).

Equations of motion are second order.

S

BB

???
??????

We need to prescribe one free function of the boundary
coordinates for each physical degree of freedom.

6 / 21



Connecting the weak gravity conjecture to the weak cosmic censorship

What is AdS?

Anti-de Sitter spacetime - 3/4

Initial value problem in AdS:

The conformal boundary B is a timelike boundary: need to pre-
scribed boundary conditions there.

What is the minimal data to prescribe at
B?

We are interested in solving the Einstein
equation (possibly coupled to matter).

Equations of motion are second order.

S

BB

???
??????

We need to prescribe one free function of the boundary
coordinates for each physical degree of freedom.

6 / 21



Connecting the weak gravity conjecture to the weak cosmic censorship

What is AdS?

Anti-de Sitter spacetime - 3/4

Initial value problem in AdS:

The conformal boundary B is a timelike boundary: need to pre-
scribed boundary conditions there.

What is the minimal data to prescribe at
B?

We are interested in solving the Einstein
equation (possibly coupled to matter).

Equations of motion are second order.

S

BB

???
??????

We need to prescribe one free function of the boundary
coordinates for each physical degree of freedom.

6 / 21



Connecting the weak gravity conjecture to the weak cosmic censorship

What is AdS?

Anti-de Sitter spacetime - 3/4

Initial value problem in AdS:

The conformal boundary B is a timelike boundary: need to pre-
scribed boundary conditions there.

What is the minimal data to prescribe at
B?

We are interested in solving the Einstein
equation (possibly coupled to matter).

Equations of motion are second order. S

BB

???
??????

We need to prescribe one free function of the boundary
coordinates for each physical degree of freedom.

6 / 21



Connecting the weak gravity conjecture to the weak cosmic censorship

What is AdS?

Anti-de Sitter spacetime - 3/4

Initial value problem in AdS:

The conformal boundary B is a timelike boundary: need to pre-
scribed boundary conditions there.

What is the minimal data to prescribe at
B?

We are interested in solving the Einstein
equation (possibly coupled to matter).

Equations of motion are second order. S

BB

???
??????

We need to prescribe one free function of the boundary
coordinates for each physical degree of freedom.

6 / 21



Connecting the weak gravity conjecture to the weak cosmic censorship

What is AdS?

Anti-de Sitter spacetime - 4/4

Weak cosmic censorship meets AdS:

Let (Σ, hab,Kab) be a geodesically complete, asymptotically AdS,
initial data set with prescribed boundary conditions at the con-
formal boundary. Let the matter fields obey second order quasi-
linear hyperbolic equations and satisfy the dominant energy
condition. Then, generically, the maximal development of this
initial data is an asymptotically AdS spacetime (in particular the
conformal boundary is complete) that is strongly asymptotically
predictable.
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Weak cosmic censorship meets AdS:

Let (Σ, hab,Kab) be a geodesically complete, asymptotically AdS,
initial data set with prescribed boundary conditions at the con-
formal boundary. Let the matter fields obey second order quasi-
linear hyperbolic equations and satisfy the dominant energy
condition. Then, generically, the maximal development of this
initial data is an asymptotically AdS spacetime (in particular the
conformal boundary is complete) that is strongly asymptotically
predictable.

Wish list:

Remain in 4D, and start in the vacuum of the theory.
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Setup

Action!
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Setup

Take the following bulk action:

S =
1

16πG

∫
d4x
√
−g
[
R− F abFab +

6

L2

]
,

where F = dA, G is Newton’s constant and L is the AdS4 length scale.

Comments:

Field content: gravity and Maxwell field

Consider solutions in the Poincaré patch with fixed
conformal boundary metric

ds2∂ = −dt2 + dr2 + r2dϕ2

Maxwell field behaves just like the metric:

A = + z +O(z2)

Well-posedness demands either controlling A∂ or A1 for all
boundary time.

We will choose to dial A∂ (more precisely F∂ = dA∂).
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Adiabatic Approximation

Adiabatic approximation
G. T. Horowitz, N. Iqbal, JES, B. Way ’14

M. Blake, A. Donos, D. Tong ’14
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Adiabatic Approximation

Adiabatic approximation - 1/2

We have considered many distinct profiles, e.g.:
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For all of the profiles above, we find that there is a maximum value
for a ≡ Aσ (amax) beyond which we cannot find a regular solution.

In all the cases shown, the IR geometry is always AdS4.
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Adiabatic Approximation

Adiabatic approximation - 2/2

We have also considered the case for which (A∂)t ∝ a/r at large r.

For intermediate values of r, (A∂)t is still arbitrary.

In this case, the IR geometry is changed:

Only for this decay is the charge Q finite.

Also have a maximum amplitude
amax which can be computed
analytically:

amax .

Smallest amax amongst all
profiles: ought to be easier for
numerics.
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Adiabatic approximation - 2/2

We have also considered the case for which (A∂)t ∝ a/r at large r.

For intermediate values of r, (A∂)t is still arbitrary.

In this case, the IR geometry is changed:

Only for this decay is the charge Q finite.

Also have a maximum amplitude
amax which can be computed
analytically:

amax =

√
138 + 22

√
33/24 .

Smallest amax amongst all
profiles: ought to be easier for
numerics.
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Adiabatic Approximation

Adiabatic approximation - 2/2

We have also considered the case for which (A∂)t ∝ a/r at large r.

For intermediate values of r, (A∂)t is still arbitrary.

In this case, the IR geometry is changed:

Only for this decay is the charge Q finite.

Also have a maximum amplitude
amax which can be computed
analytically:

amax ≈ 0.678 .

Smallest amax amongst all
profiles: ought to be easier for
numerics.

10 / 21



Connecting the weak gravity conjecture to the weak cosmic censorship

Adiabatic Approximation

Adiabatic approximation - 2/2

We have also considered the case for which (A∂)t ∝ a/r at large r.

For intermediate values of r, (A∂)t is still arbitrary.

In this case, the IR geometry is changed:

Only for this decay is the charge Q finite.

Also have a maximum amplitude
amax which can be computed
analytically:

amax ≈ 0.678 .

Smallest amax amongst all
profiles: ought to be easier for
numerics.

10 / 21



Connecting the weak gravity conjecture to the weak cosmic censorship

The Conjecture

The conjecture
G. T. Horowitz, JES, B. Way ’16
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The Conjecture

The conjecture 1/2

Impose boundary electric profile (with n ≥ 1):

f =
a(t) r n

σ2
(
1 + r2

σ2

)n
2 +1

dt ∧ dr .

−→
r→+∞

a(t)
nσn

rn+1
dt ∧ dr .

Take a(t) of the form:

0 2 4 6 8

Smallest amax ≈ 0.678 occurs for n = 1, so we will use this profile
for the full 2+1 time-dependent case.
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The Conjecture

The conjecture 2/2

Possible outcomes:

If a(∞) < amax, we expect the solution to settle down to
the simply connected solution found in the static setup.

What about if a(∞) > amax?

Maybe hovering black holes form

Conjecture - G. T. Horowitz, JES, B. Way ’16:

For a(∞) > amax, the resulting time evolution leads to arbitrar-
ily large curvatures at late times, which are visible to boundary
observers: weak cosmic censorship is violated.
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Connections

Dialogue in Gary’s office (overviewing the Pacific Ocean):

Gary: ‘Let me tell you about the results that Benson, Jorge
and I got over the last couple of weeks.’

Gary: ‘We see a violation of the weak cosmic censorship
using Einstein-Maxwell’.

Cumrun: ‘This is very reminiscent of the weak gravity
conjecture!’

Gary & Jorge & Toby: ‘Let us do this with a charged
scalar field in AdS!’
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The Weak Gravity Conjecture

The Weak Gravity
Conjecture

N. Arkani-Hamed, L. Motl, A. Nicolis and C. Vafa, ’07
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The Weak Gravity Conjecture

Weak Gravity Conjecture:

Consistent quantum theories of gravity with a gauge field
contain a particle with charge q and mass m such that q ≥ m.

Motivation:

Global symmetries are verboten in quantum gravity: there
should be a lower bound on the charge.
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Take a charged black hole with 10MPlanck in a gauge
theory with g ∼ 10−100.
Its charge can be between 0 and 10100 and still be
consistent with a black hole, i.e. M ≥ QMPlanck

Under Hawking radiation it can loose its mass, but not
its charge if there are not very light particles in the
theory.
Left with 10100 Planck scale remnants!
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Weak Gravity Conjecture:

Consistent quantum theories of gravity with a gauge field
contain a particle with charge q and mass m such that q ≥ m.

Motivation:

Global symmetries are verboten in quantum gravity: there
should be a lower bound on the charge.

The difficulties involving remnants are avoided if
macroscopic black holes can evaporate all their charge.

Extremal black holes have M = QMPlanck, in order for
them to be able to decay into elementary particles, these
particles should have m ≤ qMPlanck.

The weak gravity conjecture in essence ensures that
extremal charged black holes are quantum mechanically

unstable to Schwinger pair production.
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The Weak Gravity Conjecture

Weak Gravity Conjecture in AdS:

Schwinger pair production implies superradiance:

0 < ω ≤ q µ

where µ is the chemical potential of an arbitrarily small
RN-black hole. In AdS, becomes a classical instability.

Arbitrarily small holes have ω L ' ∆ + O(S1/2) and µ = 1.
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q L ≥ ∆ ≡ 3

2
+

√
9

4
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The Weak Gravity Conjecture

Weak Gravity Conjecture in AdS:

Schwinger pair production implies superradiance:

0 < ω ≤ q µ

where µ is the chemical potential of an arbitrarily small
RN-black hole. In AdS, becomes a classical instability.

Arbitrarily small holes have ω L ' ∆ + O(S1/2) and µ = 1.

Putting the two together gives:

q L ≥ ∆ ≡ 3

2
+

√
9

4
+m2 L2 .

Key Question:

If we take the Weak Gravity Conjecture seriously and include a
scalar field with qL ≥ ∆ in our action, does our counter-example

to Cosmic Censorship still work?
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Connecting the weak gravity conjecture to the weak cosmic censorship

Adiabatic Approximation Reloaded

Take the following bulk action:

S =
1

16πG

∫
d4x
√
−g
[
R− F abFab − (DaΦ)(DaΦ)† −m2ΦΦ† +

6

L2

]
,

where D = ∇− i q A.

Comments:

Field content: gravity, Maxwell field and Charged scalar.

Are there non-singular stationary solutions with scalar hair
for arbitrarily large amplitude?

Recipe to find them:

1 Take the sub-critical stationary solutions we had.

2 Solve the scalar field equation on these fixed backgrounds.

3 Look for zero-modes to detect when scalar hair can form.

4 Compute QNMs: if they are unstable to forming scalar
hair, Cosmic Censorship is likely preserved.
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4 Compute QNMs: if they are unstable to forming scalar
hair, Cosmic Censorship is likely preserved.
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Minimum charge required for a zero-mode to exist with
∆ = 4.
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What about other values of ∆?
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Could the full non-linear solutions with scalar hair also
become singular?
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Caveat:

Hovering Black Holes could form now that charged
matter is present, and would be an alternative way of

avoiding Cosmic Censorship Violation.
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Connecting the weak gravity conjecture to the weak cosmic censorship

Conclusion & Outlook

Conclusions:

We have found a four-dimensional counterexample to the
weak cosmic censorship.

If charged matter is included, we expect weak cosmic
censorship is no longer violated.

Weak gravity conjecture and weak cosmic censorship might
be connected.

What to ask me after the talk:

Have you tried different profiles?

Is axisymmetry a restriction?

Outlook:

What is the field theory interpretation of this phenomenon?

Repeat the time-dependent setup including charge scalars.
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Connecting the weak gravity conjecture to the weak cosmic censorship

Conclusion & Outlook

Thank You!
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